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prevalence of equity-based incentive contracts and the rarity of relative perfor-
mance contracts, especially in firms facing greater uncertainty. Finally, we show
the aggregation and linearity properties of Holmstréom and Milgrom (1987) hold in
a dynamic model under 1ID ambiguity of Chen and Epstein (2002).

Keywords: Contracting, Organizations, Hierarchy, Uncertainty Aversion, Ambiguty
Aversion

JEL Classifications: D81, D84, M12

David L. Dicks*

Assistant Professor

Baylor University, Hankamer School of Business
Forster Business and Innovation

Waco, Texas 76706, United States

phone: +1 (254) 710-4771

e-mail: David_Dicks@baylor.edu

Paolo Fulghieri

Macon G. Patton Distinguished Professor of Finance
University of North Carolina Kenan

300 Kenan Center Drive

Chapel Hill, NC 27599-3490, United States

phone: +1 919-962-3202

e-mail: Paolo_Fulghieri@unc.edu

*Corresponding Author



*

Uncertainty, Contracting, and Beliefs in Organizations

David L. Dicks Paolo Fulghieri
Baylor University University of North Carolina
CEPR and ECGI

December 15, 2022

Abstract

A multidivisional firm has headquarters exposed to moral hazard by division managers under
uncertainty. Uncertainty creates endogenous disagreement aggravating moral hazard; by hedging
uncertainty, headquarters design incentive contracts that reduce disagreement, lower incentive
provision costs and promote effort. Because hedging uncertainty can conflict with hedging risk,
optimal contracts differ from standard principal-agent models. Our model helps explain the
prevalence of equity-based incentive contracts and the rarity of relative performance contracts,
especially in firms facing greater uncertainty. Finally, we show the aggregation and linearity
properties of Holmstrom and Milgrom (1987) hold in a dynamic model under IID ambiguity of
Chen and Epstein (2002).
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The provision of incentives in organizations is essential for economic efficiency. A key question is
to determine appropriate performance measures for incentive pay. Managerial contracts often are a
combination of base-pay, based on narrowly defined division-specific performance measures (“pay-
for-performance” ), plus a component linked to overall firm profitability (i.e. bonuses, equity-based
pay, and other “aggregate” performance measures).! This distinction is particularly important for
lower-level managers. The case for equity-based incentives for top managers is rather strong as they
are responsible for the performance of the overall firm. Absent inter-dependencies across divisions,
the use of equity-based pay for division managers and rank-and-file employees is more puzzling.
For lower-level employees, equity-based compensation reduces responsiveness of pay to actions,
weakening incentives at the cost of increasing their overall risk exposure. In addition, when cash-
flows are positively correlated across divisions, to reduce harmful risk bearing incentive contracts
should display a relative-performance component, a feature more rarely observed in practice.

We study the impact of uncertainty (or “ambiguity”) aversion on the design of incentive con-
tracts in organizations.? Our key feature is to acknowledge that most corporate decisions are taken
without full knowledge of the probability distributions involved, a situation characterized as uncer-
tainty (Knight, 1921). We consider a multi-division firm with headquarters, HQ, and (two) division
managers. Division cash-flows depend on unobservable effort exerted by division managers, and can
be (positively or negatively) correlated. Division managers (and HQ) are uncertain on division pro-
ductivity, affecting their incentives to exert effort. To isolate the effect of uncertainty on incentive
pay, we rule out synergies or other inter-dependencies across divisions (as in Holmstrém, 1982).

Traditional principal-agent theory (Holmstrom, 1979, 1982 ) suggests that, to limit risk exposure,
incentive contracts should depend only on performance measures that are informative on actions
(the “informativeness principle,” Holmstrom, 2017).®> An implication is that incentive contracts
should hedge division managers’ risk by giving a negative (positive) exposure (only) to variables

positively (negatively) correlated to division cash-flow’s residual risk. In our setting, HQ can use

'The use of aggregate performance measures, such as bonuses, is documented in the accounting literature (Bush-
man et al., 1995, Bouwens and Van Lent, 2007, and Labro and Omartian, 2022). See Frydman and Jenter (2010),
Oyer and Schaefer (2011), Murphy (2013), and Edmans et al. (2017) for extensive surveys.

2The importance of ambiguity aversion in affecting individual decision making has been shown in both experimental
and empirical studies (e.g., Bossaerts et al., 2010, Hong et al., 2018, Anderson et al., 2009, Ju and Miao, 2012, Jeong
et al, 2015, Epstein and Schneider, 2008, and Machina and Siniscalchi, 2014).

3Responsiveness of CEO pay to risk factors not informative on their actions (“pay-for-luck”) has been documented
by several studies (e.g., Bertrand and Mullainathan, 2001; Choi, Gipper and Shi, 2020).



cross-pay to (partially) hedge division-manager risk exposure. Risk hedging can be obtained by
offering contracts with a relative-performance component for a positive correlation of division cash
flows, or an equity-based component for a negative correlation.

These predictions change substantially in the presence of uncertainty aversion. We model un-
certainty aversion by adopting the multiple prior approach of Gilboa and Schmeidler (1989). In
this setting, uncertainty-averse agents do not have a single prior but, rather, are endowed with a set
of admissible priors (the “core belief set”) and assess random variables by selecting, from that set,
the measure that minimizes their expected utility. We model the core-beliefs set on the basis of the
relative entropy criterion of Hansen and Sargent (2001) and (2008). Intuitively, under the relative
entropy criterion uncertainty-averse agents consider as admissible only probability measures that
are not “too unlikely” to be the true distribution given a certain reference probability.

The presence of uncertainty creates endogenous disagreement between HQ and division man-
agers, and has two adverse effects.* First, traditional incentive contracts, by loading primarily on
division cash-flows, lead ambiguity-averse managers to hold more conservative estimates (beliefs)
than HQ on the productivity of their own division, with a negative impact on their effort. Similar
to Miao and Rivera (2016), we interpret “beliefs” broadly, as the probability measure that agents
adopt to assess random variables and consequences of actions. More conservative beliefs are due
to division managers’ greater exposure to uncertainty on their own division than HQ, who instead
have exposure to the overall firm. The implication is that HQ must increase pay-for-performance
sensitivity to elicit any desired level of effort. Second, disagreement with HQ leads division man-
agers to value compensation contracts at discount with respect to the value attributed by the (more
confident) HQ, which makes it more difficult to meet their participation constraint, increasing the
cost of incentive provision.

We argue that HQ can reduce the negative impact of disagreement by managing individual ex-
posure to uncertainty through contracts, with beneficial effects on incentives. The role of contracts
in managing agents’ beliefs is novel in the theory of contract design. It is a direct consequence of the

property that beliefs held by uncertainty-averse agents are determined endogenously and depend

4In a single-agent principal-agent model with uncertainty-averse principal and uncertainty neutral agent, Miao and
Rivera (2016) show that uncertainty aversion causes disagreement between principal and agent, affecting incentive
contract design. In our model, we consider a principal-agent problem with multiple agents, where both principal and
agents are uncertainty averse.



on their exposure to the sources of uncertainty. We interpret “beliefs” broadly, as the probability
measure that agents adopt to assess random variables and consequences of actions. Differential ex-
posure to uncertainty may be due to the position in the organization (hierarchical exposure) or to
the contractual relationships that bind agents (contractual exposure). Hierarchical and contractual
exposure concur together to determine the prevailing structure of beliefs in an organization. By
design of incentive contracts, HQ can affect agents beliefs with a positive impact on incentives. An
implication is that equity-based incentive contracts can be used to realign internal beliefs, which
generates consensus by promoting a “shared view” in the organization.” The presence of a shared
view can reinforce the beneficial effect of equity in fostering internal cooperation.

The key economic driver in our paper is that uncertainty-averse division managers hold (weakly)
more favorable expectations on their own division, and thus are more confident, when incentive pay
depends on the performance of both divisions, that is, with cross-pay. This positive effect on beliefs
is a consequence of the benefits of uncertainty hedging that stem from the “uncertainty aversion”
axiom of Gilboa and Schmeidler (1989). Intuitively, pay-for-performance in incentive pay makes
uncertainty-averse division managers concerned that the productivity of their own division is ex-
tremely low, depressing their effort incentives. The presence of cross-pay hedges the uncertainty
faced by division managers. Consider, for example, an incentive contract with an equity-pay com-
ponent. The presence of equity-based pay makes division managers exposed to uncertainty from
both divisions and will regard the possibility that both divisions are characterized by extremely
low productivity sufficiently unlikely to be ruled out by the relative entropy criterion. The effect
is to make division managers hold more favorable beliefs on their own division (in fact on both
divisions), improving their effort incentives. A similar effect of ruling out extreme beliefs can be
obtained with a relative-performance component in compensation, where division managers effec-
tively have a negative (or a “short”) exposure in the other division (with the difference that now
it will lead division managers to hold very unfavorable beliefs on the other division, due to their

short position).

>The role of equity-based compensation to promote consensus in organizations is examined in Organization Be-
havior literature, such as Klein (1987), Pearsall, Christian, and Ellis (2010), and Blasi, Freeman, and Kruse (2016),
among others. The importance of promoting a shared view is discussed in Zohar and Hofmann (2012). Advantages
and disadvantages of disagreement in organizations has been studied in several papers: Dessein and Santos (2006);
Landier, Sraer, and Thesmar (2009); Bolton, Brunnermeier, and Veldkamp (2013); and Van den Steen (2005) and
(2010).



We show that optimal contracts depend on the level of uncertainty faced by division managers
and HQ. For expositional simplicity, we restrict our analysis to linear incentive contracts in a static
problem.% In the simpler case where HQ are uncertainty neutral, optimal contracts depend on the
extent of division managers’ exposure to uncertainty and on the sign of the correlation between
division cash-flows. When division managers face low uncertainty, incentive contracts have the
same qualitative features as with no uncertainty: they have a component that depends on the
performance of a manager’s own division, the pay-for-performance part, plus a second component,
the risk-hedging part, that depends on the cash-flow of the other division. When division cash-flows
are positively correlated, incentive contracts display relative-performance compensation; when they
are negatively correlated, incentive contracts have cross-pay, that is, an equity component. With
respect to the no-uncertainty case, uncertainty increases the cost of incentive provision, with the
effect of decreasing pay-for-performance sensitivity and cross-division exposure.

When uncertainty faced by division managers is sufficiently large, uncertainty aversion creates
the potential for a significant divergence between beliefs held by division managers and HQ. In
this case, HQ find it desirable to hedge division managers’ uncertainty by offering compensation
contracts with greater cross-division exposure, but at the cost of greater risk. By hedging uncer-
tainty, HQ induce division managers to hold more favorable expectations on their divisions, with a
positive impact on effort. Improvement of division managers beliefs also lowers the disagreement
discount and the cost of incentive provision. Interestingly, optimal contracts have cross-division
exposure even with uncorrelated cash-flows, a sharp contrast with the informativeness principle in
principal-agent problems with no uncertainty.”

When HQ are uncertainty averse as well, their beliefs are also determined endogenously. HQ
uncertainty aversion introduces an additional source of disagreement with division managers mak-
ing it costlier to offer incentive contracts with relative performance. This happens because relative
performance pay essentially involves division managers holding a “short” position in the other di-
vision, while HQ hold a “long” position in both divisions, exacerbating the disagreement discounts.

The overall effect is to make relative performance contracts costlier and equity-based pay more

Building on Chen and Epstein (2002), in a Appendix A we show that the solution to a corresponding dynamic
problem with continuous effort and stationary IID uncertainty is indeed characterized by the solution to the static
problem we study in our paper (generalizing the aggregation and linearity results of Holmstrom and Milgrom, 1987).

"More generally, our paper implies that increasing exposure to an uncertain random variables (such as, for example,
industry sector or other benchmarks) may offer benefits due to uncertainty hedging.



desirable. Interestingly, pure equity-based contracts are optimal when uncertainty is sufficiently
large, irrespective of the correlation between divisional cash-flows.®

Overall, the optimal incentive contract will trade off the relative costs and benefits of hedging
both risk and uncertainty. We argue that the presence of uncertainty can raise the cost of hedging
division managers’ risk, creating a conflict between risk and uncertainty hedging. The presence
of sufficiently large uncertainty may lead to incentive contracts that substantially deviate from
traditional contracts that hedge risk. Furthermore, incentive contracts that hedge division manager
uncertainty may also lead them to greater risk exposure, increasing the cost of incentive provision.
The potential tension between hedging risk and uncertainty is a new feature in incentive contract
design. An important question is the identification and selection of the specific random variables
that are better suited to hedge uncertainty.’

Our model suggests that cross pay and aggregate performance measures (such as bonuses and
equity) can play an important role to hedge uncertainty of division managers (and, more generally,
employees) in firms. We also show that the inclusion of aggregate, firm-wide random variables has
the added benefit of coordinating internal beliefs, facilitating the formation of a “shared view” in
the organization. Additional variables that may be used to hedge uncertainty include industry-
wide performance measures (among others). The identification of specific random variables suited
to trade-off risk and uncertainty hedging motifs will, in general, depend on the specific exposure to
risk and uncertainty of individual firms, and we leave this interesting question for future research.

Our paper offers several novel implications that help explain empirical regularities that are
difficult to explain on the basis of risk aversion only. First and foremost, uncertainty aversion can
explain the beneficial role of employee bonuses geared to the performance of the entire firm (or one
of its larger subdivisions), rather than more narrowly defined performance measures. Second, it can
explain the more infrequent use of relative performance compensation and benchmarking, despite

their well established benefits within traditional risk aversion. Third, it can explain compensation

8Fleckinger (2012) shows that the benefit of relative performance in incentive pay may depend on the impact
of effort on the correlation in outcomes. In our paper, correlation is not affected by effort. DeMarzo and Kaniel
(2022) argue that relative-performance compensation is not desirable when division managers have “keep-up-with-
the-Joneses” preferences.

9For example, including exposure in incentive constracts to, say, the result of the Super Bowl may provide little
or no value in hedging uncertainty relative to its added risk exposure. Importantly, Section 4 shows that it would be
expensive for uncertainty-averse firms to provide to their employees side bets (the two parties take opposite side of
a random event), making it more difficult to meet the participation constraint.



practices in business groups, whereby compensation depends on the performance of the entire group,
in addition to performance of individual units.!” Finally, our approach provides a framework for
belief formation in organizations that can explain the (endogenous) more optimistic aptitude toward
firm future performance for managers in higher position in the corporate hierarchy with respect to
rank-and-file employees.!!

Our paper is linked to several streams of literature. The first one is the traditional principal-
agent theory and the theory of optimal contract design within organizations, building on the seminal
work by Mirrlees (1975), (1999) and (1976), Holmstrém (1979), (1982), and Grossman and Hart
(1983). Incentive contracts tailored to shareholder value, such as equity, are shown to be optimal
when agents can choose their hidden action from rich sets of possible action-profiles (see, for exam-
ple, Diamond, 1998, and Chassang, 2013). Oyer (2004) suggests that equity-based compensation
(for example, through stock-option plans) have the advantage of directly adjusting employees’ com-
pensation to their outside options (which may be correlated to firm value), facilitating satisfaction
of the participation constraints.

The second stream is the emerging literature on contract theory under uncertainty. Lee and
Rajan (2020) study the optimal incentive contract between a principal and a single agent where both
parties are uncertainty-averse but risk-neutral and the source of uncertainty is the exact probability
distribution of the random cash-flow. The paper shows that, contrary to basic case of uncertainty-
neutrality of Innes (1990), the optimal contract has equity-like components. Szydlowski and Yoon
(2022) considers a dynamic contracting model where an uncertainty-averse principal designs an
optimal (dynamic) contract for an uncertainty-neutral agent, and the source of uncertainty is the
agent’s cost of effort. Different from our paper, uncertainty leads principals to increase pay-for-
performance sensitivity (to preserve incentives under the worst-case scenario). Miao and Rivera
(2016) consider the optimal contract between uncertainty-averse principal and an uncertainty- and

risk-neutral agent and shows that the principal’s preference for robustness can cause the incentive-

0For example, the compensation of mutual fund managers depends not only on the performance of their funds,
but also on the performance of the entire family of funds, implying a positive cross-fund exposure (see Ma, Tang,
and Gomez, 2019). However, the majority of funds are exposed to shared macroeconomic risk, suggesting a positive
correlation. Similar practices are common in the investment bank industry.

"Tn Goel and Thakor (2008), greater optimism of senior management depends on (equilibrium) selection of agents
with heterogeneous beliefs. In contrast, in our model differences in beliefs emerges endogenously among otherwise
identical agents as the outcome of differences in their contractual and hierarchical exposure.



compatibility constraint to be lax.!? In these papers, similar to ours, disagreement between principal
and agent arises as the outcome of the difference in their attitude toward uncertainty. In contrast,
in our paper agents are both risk- and uncertainty-averse creating a new tension between hedging
their risk and uncertainty exposure through incentive contracts. When agents are both risk and
uncertainty averse, hedging uncertainty can interact with hedging risk, and the two goals can
conflict with each other. When uncertainty is sufficiently large, the uncertainty-hedging motive can
overcome the risk-hedging motive, reversing important properties of optimal incentive contracts
absent uncertainty concerns.

Closer to our paper, Sung (2022) considers a model where both principal and the agent are
uncertain on both the mean and volatility of the technology controlled by the agent. The pa-
per shows that, consistent with common practice, optimal incentive contracts include exposure to
underlying volatility. Different from our paper, exposure to uncertain volatility allows principals
to design optimal contracts that achieve agreement with the agent. Kellner (2015) examines a
principal-agent model with multiple agents and moral hazard, where the principal is risk and un-
certainty neutral; agents can be risk and uncertainty averse and uncertainty is modeled as smooth
ambiguity (Klibanoff et al., 2005). Because agents are exposed to the same source of uncertainty
in this setting, Kellner (2015) shows tournament incentives are optimal with sufficient uncertainty.

In Carroll (2015) a risk-neutral principal, who is uncertain about the set of actions available to
a risk- and uncertainty-neutral agent, optimally grants the agent a linear contract that aligns their
payoffs. Linear (or affine) contracts are optimal robust contracts under very weak assumptions on
the source of uncertainty characterizing the set of technologies available to the agent.'® In the spirit
of Holmstrom (1982), Dai and Toikka (2022) examines a moral hazard in teams problem, where
a risk-neutral principal designs contracts that are robust to uncertainty regarding the underlying
game played by uncertainty-neutral agents. The paper shows that optimal robust contracts must
have the property that agents’ compensation covaries positively, and provides conditions under
which optimal robust contracts are linear (or affine). Finally, Walton and Carroll (2022) show that,
under mild conditions, optimal contracts are linear within several possible configurations of the

organization structure, when principal are risk neutral and agents are risk and uncertainty neutral.

2Lee and Rivera (2021) consider optimal liquidity management under ambiguity.
3 Carroll and Meng (2016) give a microfoundation of uncertainty with linear contracts.



The paper is organized as follows. The general contracting problem is presented in Section
1. Section 2 examines the impact of contracts on beliefs and effort under uncertainty. Optimal
incentive contracts by uncertainty-neutral HQ are derived in Section 3, and by uncertainty-averse
HQ in Section 4. In Section 5 we discuss robustness of our results to alternative specification of
beliefs. The impact of uncertainty aversion on organizational beliefs discussed in Section 6. Section
7 presents empirical implications of our paper. Section 8 concludes with directions for further

research. All proofs are in the Technical (online) Appendix.

1 Uncertainty and Contracting
1.1 The Basic Model

We consider a firm composed by two divisions (or business units) denoted by d € {4, B}.!* Each
division is run by a division manager supervised by HQ. At the beginning of the period, ¢t = 0, each
division manager chooses effort, ag € Ry, affecting the probability distribution of their divisional
cash-flow, Yy, realized at the end of the period ¢t = 1. We assume that the cash flows Y = (Y4, Yp)
have a joint normal distribution N (u,Y) with mean p = (p 4, p) and variance-covariance matrix
Y. Managerial effort affect the means of the distributions, and we set u; = a4qq, where g4 represents
the productivity of division d € {A, B}. Division cash-flows Y; are homoskedastic, with variance
o2, and may be (positively or negatively) correlated, with correlation coefficient p; we assume that
effort does not affect the variance-covariance matrix, ¥.1°

Exerting effort is costly: each division manager suffers a monetary cost ¢4 (aq), where ¢4 : Ry —
R, is a continuously differentiable, increasing and convex function. For analytical tractability, we
set cq (aq) = Tédag, where Z,; characterizes effort efficiency of division managers. Division managers
have preferences with constant absolute risk aversion (CARA), while HQ are assumed to be risk
neutral, for simplicity.

Effort exerted by a division manager is not observable by either HQ or the other division
manager, creating moral hazard. To promote effort, HQ offer division managers incentive contracts,
w = {Wa}4efa,py- Given a pair of incentive contracts w, division manager d € {A, B} earns an
end-of-period payoff U (wgq) = —e~""4, where  is the coefficient of absolute risk aversion, which we

assume to be the same for both divisional managers.

" Our model can equivalently be interpreted a describing separate divisions of a company (such as, for example, a
conglomerate), or separate business units of a “pure-play” firm.
PHemmer (2017) and Ball et al. (2020) study contracts when effort affects .



The game unfolds as follows. At the beginning of the period, ¢ = 0, HQ choose incentive
contracts wy for each division manager d € {A, B}; HQ can commit to contracts {wd}de{ A,B}»
which are observable to both division managers. After incentive contracts are offered and accepted,
division managers simultaneously choose their level of effort, ay. At the end of the period, t = 1,
division managers are compensated according to the realized output Y, and consumption takes

place.

1.2 Uncertainty aversion

Contrary to the standard principal-agent paradigm of Holmstrom (1979), we assume both HQ
and division managers are uncertain on the exact probability distribution of the end-of-period
cash flows for each division. Specifically, we assume that division managers and HQ are uncertain
on division managers’ productivity, g;. The presence of such uncertainty affects the (perceived)
marginal productivity of effort and, thus, division managers’ incentives to exert effort.

Following Miao and Rivera (2016) and Dicks and Fulghieri (2019) and (2021), we model un-
certainty (or “ambiguity”) aversion by adopting the minimum expected utility (MEU) approach of
Gilboa and Schmeidler (1989) and Chen and Epstein (2002). A key feature of this approach is that
agents do not have a single prior on future events but, rather, they believe that the probability dis-
tribution on future events belongs to a certain set, P, denoted the “core-beliefs set,” and maximize
their minimum expected utility

U = min B, U (w)], 0

where p is a probability distribution, and U is a von Neumann-Morgenstern utility function. The key
feature of the MEU approach to uncertainty aversion is that beliefs are endogenous, as determined
by the minimum expected utility criterion. An important implication is that uncertainty-averse
agents weakly prefer randomizations over random variables (more precisely, over acts as described
in Anscombe and Aumann 1963) rather than each individual variable in isolation. This property
is a direct consequence of the uncertainty-aversion axiom of Gilboa and Schmeidler (1989) and is
known as “uncertainty hedging.”

The benefits of uncertainty hedging under uncertainty aversion are analogous to the traditional
benefits of diversification under risk aversion. Intuitively, this feature can immediately be seen

by noting that, given two random variables, y;, j € {1,2}, with joint distribution p € P, by the



minimum operator, we have that

Cmin By U ()] + (1 = Q) min By [U ()] < min{CE, [U ()] + (1= OB, U )]} (2)

peEP

for all ¢ € [0,1]. The key driver of our paper is that condition (2) can hold as a strict inequality.
In the spirit of Hansen and Sargent (2001, 2008), we model the core-beliefs set P by using the
notion of relative entropy. For a given pair of distributions P and P, with corresponding densities
p and p, defined on the same probability space, the relative entropy of P with respect to P is the
Kullback-Leibler divergence of P(z) with respect to P(z), namely
R (P(wﬂp(:v)) = / () In <p(x)> dz. (3)
p(z)

The core-belief set for uncertainty-averse agents is then defined as

P(P(2)) = {P: R (P(x)|P(x)) <np}. (4)

where P represents a given reference probability and P (x) is an admissible belief held by the agent.
From (3), it is easy to see that the relative entropy of P(z) with respect to P represents the
(expected) log-likelihood ratio of P, when the “true” probability distribution is P(av) Intuitively,
the core-beliefs set P (P) can be interpreted as the set of probability distributions, P(z), that, if
true, would not reject the (“null”) hypothesis P in a (log) likelihood-ratio test. The distribution P
can be interpreted as characterizing an agent’s “view” about the true probability p(:n), where the
parameter np represents the degree of confidence on P. A small value of np represents situations
where agents have more confidence that the distribution P, while a large value of np corresponds
to situations where there is great uncertainty.'® Intuitively, the relative entropy approach considers
as admissible only beliefs that are not “too unlikely” to be the true probability distribution, given
the reference probability. The effect is restrict the core-beliefs set by excluding as implausible
probability distributions that give too much weight to extreme events, effectively “trimming” agents’
pessimism.

Because in our model agents view as uncertain the productivity ¢4 of the two divisions, we

denote the set P of beliefs held by agent i € {HQ, A, B} on division productivity as ¢’ = (§Y4,d%) €

16 As in Hansen and Sargent (2001, 2008), relative entropy characterizes the extent of “misspecification error” when
agents believe that the model is P® when the true model is P.

10



K'(G'|q"), where ', represents the belief held by agent ¢ on the productivity of division d, and ¢,
is the corresponding reference belief. A key property of relative entropy, and one which plays the
crucial role in our paper, is that under the relative entropy criterion the core-beliefs set K*(¢'|q")
is a strictly convex set with smooth boundaries.!” This property allows (2) to hold has a strict
inequality, making uncertainty hedging valuable. Intuitively, when division managers are exposed
only to their own division uncertainty, they will be concerned about facing the lowest possible level
of division productivity, with a negative effect on effort. In contrast, when division managers are
exposed to uncertainty from both divisions, they will regard the possibility that both divisions are
characterized by extreme levels of productivity sufficiently unlikely to be ruled out by the relative
entropy criterion, excluding it from the (4) with a beneficial effect on effort.!® This implies that,
by proper design of incentive contracts, HQ can affect the probability measure used by division
managers to assess the productivity of their division, mitigating the adverse effect of uncertainty on
effort. In Section 5, we will discuss the case the limiting case of the core belief set is rectangular.!?

Finally, at times, we will assume that divisions are symmetric:

(S):Za=Zp=Z, qa=q =q, and K;(¢;) = K(q) fori e {HQ, A, B}. (5)

1.3 The optimal contracting problem

At the beginning of the period, ¢t = 0, company HQ offers to division managers contracts wg(Y),
d € {A, B}, which may depend on realized output of both divisions. For ease of exposition, we
restrict our analysis to the case of affine incentive contracts. In Appendix A, we study a dynamic,
stochastic continuous-time version of our model with IID ambiguity as in Chen and Epstein (2002).
In the spirit of Holmstréom and Milgrom (1987), Theorem A1 in Appendix A shows that the solution
to the dynamic model is characterized by the solution of a corresponding static problem where HQ

offer only affine contracts that depend on end-of-period cash flows, as considered in the main body

"For a general discussion, see Theorem 2.5.3 and 2.7.2 of Cover and Thomas (2006). The main results of our paper
depend only on the property that the core belief sets are strictly convex sets. In addition to core-belief sets based
on relative entropy, this property is shared by core-belief sets defined by divergences that are strictly monotonic and
continuous.

'8In Section 3 we will show that division managers owning a positive (“long”) exposure to the other division cash
flow (due to an equity component in incentive pay) will be concerned about the other division having low productivity,
reducing the value of their own equity stake. Conversely, division managers with a negative (or “short”) position
in the other division (due to relative performance component in incentive pay) will be concerned about the other
division having high productivity, again reducing the value of their equity stake.

Y9 The case of rectangular core belief set is discussed, for example, in Chen and Epstein (2002)
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of the paper.

Given affine incentive contract, we set
wa(Y) = 84+ BaYa +v¢Yars

where we can interpret the fixed component, s4, as a “base pay” and the variable component as
the “incentive pay.” The incentive pay for division managers may be composed of two parts. The
first part is the “pay-for-performance” component,” which depends on the realized output of their
own division Yy, and where the coefficient §; represents the pay-for-performance sensitivity. The
second part is a “cross-pay” exposure, which depends on realized output of the other division, Yy,
where setting v, > 0 represents an equity-based component in compensation, and setting v; > 0
makes compensation to depend on the relative performance of the two divisions.

Given CARA utility functions for division managers, we can write the HQ problem in certainty
equivalent form as follows. Let §¢ = ((j‘jl,(j%) represent the beliefs held by division manager d on
the productivity of both divisions, and let 7% = ((jf Q, qgQ) the corresponding beliefs held by HQ.

Given an incentive contract wg, a division manager utility function in certainty equivalent form is
i.a) = E |wal¢®,a| — 2V - 6
ud(q",a) = B |walq®, a| — 5Var(wa) — ca(aa), (6)

where

Var(wg) = o (B3 + 208474 +73)

is the variance of incentive pay. Note that the expected value of the incentive pay to division
managers, E [wd(Y)]cjd, a], depends on both their beliefs on the productivity of their own division,
cjg, through the pay-for-performance component, and on the productivity of the other division, cjg,,
through the cross-pay component. Similarly, that the expected value of the incentive pay, will also
depend on the level of effort exerted by the two division managers. In contrast, because agent view
as uncertain only division productivity and effort does not affect the variance-covariance matrix 3,
the term Var(wg) does not depend on a division manager beliefs and effort levels.

The problem for HQ is to choose a pair of incentive contracts and action profiles, {wg, ad}de{ A,BY}s

that solves

. ~HQY JHOQ
max min  w(§79) = E [Yy(ag) — wy (V)4 .
{wa}  GHQEK Q) (@) dG{ZA:B} [Ya(aa) —wa (Y) 7] (7)
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subject to the constraint that division managers maximize the certainty equivalent of their objective
function

max min ud((jd, a)=F [wd]cjd, a] — iVar(wd) —cq(aq) , (8)
g GieKy(a) 2

and to the participation constraints

nggl(a) ug(G?, a) > up =0 9)
for d,d’ € {A, B}, and d # d', where ug is a division manager’s reservation utility, normalized to
Zero.

Note that in problem (7) - (9) a division manager’s uncertainty exposure is endogenous and is
determined by the incentive contract, wgy, offered by HQ. Contractual exposure concurs to determine
a division manager’s beliefs, ¢%. Given their higher-level position in the firm hierarchy, HQ exposure
to uncertainty is determined by their residual claim in firm cash-flow, given incentive contracts
offered to both division managers in the firm.?’ HQ hierarchical exposure concurs to determine

HQ beliefs, ¢7?. The triplet {§7¢, q4, g8 } determines the belief structure prevalent in the firm.

Definition 1 An equilibrium is a set of contracts , w = {wd}de{A,B}7 and action profile {aa,ap},

such that:

(i) Given incentive contracts w, each division managers selects effort, aq, optimally, solving (8),

given the other division manager’s action, ag for d' # d;

(i) HQ offer contracts w that maximizes (7) subject to (8) - (9)

The main trade-offs faced by HQ in problem (7) - (9) can be decomposed as follows. Because
of translation invariance of CARA, the fixed component of incentive contracts, sg, is set to make

the participation constraint (9) bind in optimal contracts, giving

sq = cq(ag) + gVar [wg (V)] — FE [wd\cjd, a} .

20We assume HQ are full residual claimants in firm cash-flow. More generally, HQ act in the context of incentive
contracts from a compensation committee, exposing them to contractual exposure as well.
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after substitution into the objective function (7), we obtain

n(@"9) = Y [B(alan)lay?) = SVar [wa (V) = calaa) = (B |wdldf. a] — Blwad}/?.q])].
de{A,B}
(10)
HQ payoff consists of four components. The first one is the expected value of the two divisions,
which depends on effort exerted by division managers, a; the second one is given by the required risk
premia for division managers, Var [wg (Y)]; the third one is the cost of providing effort by division
managers, ¢4 (aq). These components are common to the traditional problem without uncertainty
aversion. The last component is new and is due to uncertainty aversion, and is discussed below.

Uncertainty aversion affects HQ payoff in three separate ways. First, HQ valuation of both
divisions, E (Yd(ad)|cj§IQ), is based on beliefs they hold, 79, which are endogenous. Second, from
the incentive constraint (8), effort exerted by division managers depends on their “worst-case”
scenario, ¢¢, negatively affecting effort. This implies that HQ must increase the pay-for-performance
sensitivity, 8,4, to elicit any desired level of effort, increasing the cost of incentive provision. The
worst-case scenario, ¢¢, however, is itself endogenous, and depends on a division manager’s overall
exposure to uncertainty through incentive contract, wg (Y). A key feature of our paper is that, by
hedging uncertainty through incentive contracts, HQ can improve a division manager’s assessment
of her division productivity, cjfll, promoting effort.

The third effect of uncertainty aversion, the last term in (10), is to create a divergence between
HQ and division managers on the valuation of compensation contracts, F [wd|ﬁg, a] -F [wd|<j5Q, al.
This terms acts through division managers’ participation constraints (9), and reflects the fact that
HQ value compensation contracts at their own worst-case scenario, ¢79, while division managers
value contracts at theirs, ¢¢, creating a disagreement on the assessment of the value of an incentive
contract to division managers and its cost to HQ. In particular, if HQ are more confident than
division managers on their division productivity, (ij > cjg, division managers value their com-
pensation contracts at a discount relative to HQ valuation, making it more costly (from HQ point
of view) to satisfy their incentive and participation constraint, (8)-(9). We denote this additional
cost of incentive-based pay as a “disagreement discount,” which represents the “Knightian” cost of

disagreement.
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2 Uncertainty and Incentive Contracts
As a benchmark, we first characterize the solution to the optimal contracting problem for our

two-division firm without uncertainty, a setting similar to Holmstrom and Milgrom (1987).

2.1 The No-Uncertainty Benchmark

Absent uncertainty concerns, with Ko = Kgq = {0}, HQ and division managers share the same

beliefs and agree on the reference probability P¢.

Theorem 1 (Holmstrom and Milgrom) Let HQ be risk neutral: optimal contracts are linear func-
tions of the end-of-period cash-flows of both divisions: wq (h1) = sqa+ BqYa1 +vqYa 1, for all t and

d € {A, B}, with
1

T 140 (1 p?) ) (Zadd)’

Ba Ya = —PBas (11)

and induce optimal effort

24494

L4+ro2(1—p?) /[ (Zag3) (12)

aq = ByZdqd =

Under universal risk neutral, » = 0, the optimal contract makes division managers residual
claimants, 5; = 1, leading to first-best effort; cross-pay ~, is indeterminate because side bets are
irrelevant for risk-neutral agents. The presence of risk aversion increases the cost of incentive pro-
vision and reduces the pay-for-performance sensitivity, due to term ro? (1 — p2) / (qug). Optimal
contract depends now on the correlation of end-of-period cash-flows of both divisions. If cash-flows
are correlated, it is optimal for HQ to hedge division manager risk exposure. With positive corre-
lation, HQ set v; < 0 and contracts display “relative-performance” compensation; with negative
correlation, HQ set v, > 0 and incentive contracts display an equity component through cross-
pay. Hedging division manager risk exposure reduces the cost of incentive provision and allows HQ
to increase pay-for-performance sensitivity, improving incentives. When cash-flows are uncorre-
lated, cross-pay generates only incremental risk exposure with no risk-hedging benefit, and optimal
contracts set v, = 0 (the “informativeness principle”).

2.2 Incentive contracts and beliefs
For tractability, and to generate closed-form solutions, similar to Dicks and Fulghieri (2019) and

(2021) we consider a parametric approximation of the core-belief set (4).2! Specifically, we assume

21Tn our model, tractable closed-form solutions would be possible only for the case of uncertainty-neutral HQ.
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that HQ and division managers consider beliefs ¢’ in a neighborhood of the reference probability

implied by the pair ¢ = (ga,qp), as follows. Define Xil = q‘iiq;dqd as the relative error of player ¢
about division d and the distance measure D (Xfi) = —log (1 — Xfi)- We denote the core-belief set
for agent 7 as

K'(@'lq") ={d'1D (x4) + D (x) <n'}, (13)

for i € {HQ, A, B}.??> The set described in (13) is plotted in Figure 1 on page 40, with relative
entropy for comparison.

We start with the characterization of division managers’ belief assessments on the productivity
of both divisions, which depend on the pair of incentive contracts offered by HQ. From (6), given

incentive contract w = {wa}geqa py, division managers beliefs G*(a,w) solve

. ~ N T
argmin ug(ds) = B [wald’.a] — 5Var(ws) —ca(as). (14)
d
1
s.t. n| —— | +In - < N4
1— dA—gA 1— 4B—d4B
qA aB

for d € {A, B}. Note that incentive contracts offered by HQ will have 5; > 0, so that division

managers will exert strictly positive effort, ag > 0.

Lemma 1 Let S a4 > 0 and
_ YaOa' 4

H; = .
Ba0dqa

(15)

A division manager’s assessment of the productivity of both divisions, ¢%(wg) = {(jg, qdd,}, ford,d €

{A, B}, and d # d', depends on her contractual exposure, wq, and is equal to:

i) 49 =qa, and §% = e Mgy for Hy > eld
1
1 ) _ 3 _
ii) (jf_ll = (e Hy)2 qq and qj, = <e "dHid) 2 qa for Hy € (€74 ehd)
i) 4 = e Miqq and & = g for Hy € [~ ]

1 1
w) 4§ = (e |Hg|)? qq and g5, = [2 - (6_"‘1@) 2] qa for Hq € (=€, —e™"M)
'U) ng =dqq and (jg, = (2 — e_”d)qd/ fo'r' Hd < —e'ld

Division managers beliefs toward division productivity depend on the relative exposure to the

22Note that this characterization of the core-beliefs set allows a great degree of tractability: when an economic
agent has sufficient positive exposure to both divisions, so that ¢4 < g4, the minimization problem is isomorphic
to the cost minimization problem with Cobb-Douglass utility. Further, the set is symmetric around g = (ga, ¢B),
making uncertainty hedging neutral with respect to positive or negative exposure to cross-division uncertainty.
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cash-flow from each division, measured by Hg, as affected by incentive contract wy. Because Hy
affects the relative exposure to uncertainty of the two divisions, we refer to Hy as the “uncertainty
hedging” ratio. Note that sign(Hy) = sign(vy,) and that Hy is an increasing function of .

Several features emerge from Lemma 1. When HQ grant pay-for-performance only, v, = 0 = Hy,
or a small exposure to the other division cash-flow, as in case (iii), division managers will assess
the prospects of their own division conservatively, with cjfil = e "lqq, and they are less confident on
their own division productivity, disincentivizing effort.

Division manager assessments of productivity of their own division, (jg, is however an increasing
function of their exposure to the other division, |y,4|. Thus, incentive contracts that offer progres-
sively increasing exposure to the other division, as in case (ii) and (iv), induce division managers
to become more confident on their own division, qu. Finally, if incentive contracts offer significant
exposure to other division, a large value of ||, as in case (i) and (v), division managers will become
very confident on their own division, setting qg = qq. This beneficial effect on division manager
beliefs can be obtained with either cross-pay, v, > 0, or relative-performance, v, < 0.

The impact of |y,| on a division manager’s assessment of the productivity of the other division
depends on the sign of v,. If the incentive contract includes cross-pay, 74 > 0, increasing exposure
to the other division progressively worsens the assessment of that other division productivity, as
in cases (ii) and (i). If the incentive contract includes relative performance, v; < 0, increasing
exposure to the other division (lower 7,) progressively improves the assessment of its productivity,
as in cases (iv) and (v), where in both cases ¢% > ¢o. The more optimistic assessment reflects
the fact that, when v, < 0, better performance in the other division reduces a division manager’s
compensation.

2.3 Incentive contracts and effort

Given division managers’ beliefs, characterized in Lemma (1), effort is determined by solving
. . r
max ug(a, ¢%(a,w)) = E |wq|§?, aq, adr] — QVar(wd) —cq(aq), (16)

for d € {A,B} and d # d'. The Nash equilibrium of effort selection by division managers is

determined in the following.

Lemma 2 Given incentive contracts, {waq = (B4,74)}aeta,By, there is a unique Nash equilibrium
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effort, {aa,ap} where ag = ,BdZd(jg and division manager beliefs, Qg, are as in Lemma 1. Equilib-
rium effort aq is increasing in pay-performance sensitivity, 3,4, exposure to the other division, |v,/,
efficiency of effort, Zy, and decreasing in uncertainty ng. Further, if |Hg| € (e7"4,¢e"4), aq is also

increasing in By, |Yg|, and Zgy, and decreasing in 1y .

Lemma 1 and 2 imply that incentive contracts affect division manager effort through two distinct
channels. The first is the traditional effect of inducing effort by rewarding division managers on
the basis of direct performance measures, and captured by ;. The second channel is through the
impact of incentive contracts on managerial assessment of the success probability of their projects,
cjd(wd). This implies that HQ can use incentive contract design to lead uncertainty-averse division
managers to hold more favorable assessment of the productivity of their own division, with positive
effect on effort. This channel due to uncertainty hedging is the key driver of our paper.

If division managers are uncertainty neutral, their optimal level of effort in (12), ag, is increasing
in her own division-based pay, 3,4, but is not affected by either their cross-division pay, 74, nor the
action of the other division manager, ay. The only effect of cross-division exposure is to hedge a
division manager’s risk exposure, reducing the cost of incentive provision. In contrast, if division
managers are uncertainty averse, the presence of cross pay, |v,4| # 0, reduces the relative exposure
of division managers to the uncertainty on their division, potentially improving the assessment of
their division productivity.

Note also that uncertainty aversion introduces a strategic complementarity across division man-
agers’ effort. From Lemma 1, exposure to the other division, |v,| > 0, makes effort exerted by a
division manager, a4, increasing in effort of the other division manager, ay. Greater effort from
the other manager decreases the relative exposure of a division manager to uncertainty on her own
division, leading to more favorable beliefs and greater effort. This new source of externality is due
to uncertainty hedging, and is driven solely by beliefs.

We examine two possible configurations of HQ beliefs: uncertainty neutrality and uncertainty
aversion. Because uncertainty-neutral HQ hold firm beliefs on division productivity, we can denote
this case as one of a “visionary leadership.” In contrast, uncertainty-averse HQ pragmatically adapt
(in equilibrium) their beliefs to firm characteristics, we can denote this case as one of “pragmatic

leadership.”
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3 Uncertainty-Neutral Principal
When HQ are uncertainty neutral, they hold beliefs (ij = ¢4 for both divisions. Given Lemma
A1, problem (A12)-(A14) becomes

max > EYiaq) —wa (Y)]qd] (17)

{wa,ad}ae{a, By de (AB)

subject to the incentive and participation constraints

maxmin ug = FE [wd|cjd,ad, ad/] - fVaﬂ”(wd) —cq(aq), (18)
ad  §q 2
min ug = FE {wd|(jd, aqd, ad/] — gVar(wd) —cq(aq) >0, (19)
da

for d € {A, B} and d # d'. To separate the effect of uncertainty and risk aversion, we consider first
the case in which division managers are uncertainty averse but risk-neutral, allowing us to identify

more clearly their respective role in optimal contract design.

Theorem 2 If HQ are risk- and uncertainty-neutral and division managers are uncertainty averse

but risk neutral, optimal incentive contracts have

[Yalaa qa

Hyl =
| ’ Ba0dqa

=1,
which induce division managers beliefs ((}g, cjfil,) to be equal to

~ _ng
@4 = e 2q<qu, (20)

n

e_%dqd/ < qq fory >0 and ¢4 = (2 - 6_7d> > qa > 4 for v <0

~d
qq

for d,d € {A, B}, and d # d'. Optimal contracts set

1
= <1, and = , where 21
ﬁd 1+3 (1 _ qg/qd) h/d‘ édﬁd ( )

a1 )
¢, = 2ddd _ ! 3<1 G/ ‘“)qc‘f/qcl Zaq5 (22)
d P— _— ~ T .
apqr  1-3(1—-q¢%/qa) %aqa Zads

Pay-for-performance sensitivity, 84, and effort, aq, are both decreasing in uncertainty, ng. If con-

dition (S) holds, equity is optimal, B4 = 4, and ¢4 = ¢4, = e 2q < q.

If division managers are uncertainty averse but risk neutral, hedging risk is not a concern. The

presence of uncertainty, by making division managers less confident than HQ on the productivity of
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their own division, has two adverse effects. First, it has the detrimental effect on the incentives to
exert effort by their managers. This implies that HQ must increase pay-for-performance sensitivity
to elicit any desired level of effort. Second, more conservative beliefs reduce the value of the
incentive contract, wy, as assessed by division managers, relative to the value assessed by the more
confident HQ, making it more expensive for HQ to meet the their participation constraint (the
disagreement discount). The combined effect is to make it costlier for HQ to induce effort, leading
to a reduction of the pay-for-performance sensitivity 3, in (21). Note that the pay-for-performance
sensitivity, 84, and thus effort, a4, are both decreasing functions of the extent of the disagreement
between a division manager and HQ, represented by the term (jfll /qq in (22).

The role of cross-division exposure, |y,4|, is to improve division managers’ beliefs by hedging
their uncertainty. From Lemma 1, an increase of cross-division exposure (partially) offsets the
negative effect of uncertainty on beliefs, promoting effort. Absent risk-aversion considerations, the
optimal contract hedges a division manager exposure to uncertainty by equalizing her exposure to
cash-flow uncertainty from each division, setting the uncertainty hedge ratio |Hy| = 1.

Note that, because of uncertainty neutrality, HQ are indifferent between granting compensation
with cross-pay, 74 > 0, or relative-performance, v; < 0, as the optimal contracts depends only
on the size of the cross-division exposure, |v4|, and not by its sign. The extent of cross-division
exposure, |v4|, is still proportional to the pay-for-performance sensitivity parameter, with |y, =
&,84, where the proportionality factor £; depends on the relative exposure to uncertainty of the
two division managers, affecting the term cjg /44, and the relative size of the two divisions, captured
by the term Zq2%/Zyq% in (22). This implies that cross division exposure is greater for (relatively)
less confident division managers and for larger divisions.

If divisions are symmetric, the uncertainty hedge ratio can be set to unity by use of pure equity
contracts: 5 = v < 1. Interestingly, in this case, both division managers hold the same beliefs
on their own as well as the other division, cjg = cjfil, = e_%q, leading to consensus (that is, a
“shared view”) in the organization. Also, HQ hold more optimistic beliefs than division managers,
q > cjg = ef%dq, making HQ to appear as “visionary” in the organization. Finally, absent risk
aversion, a contract with extreme relative performance, with v = —f, is also optimal. In this case,
from (20), we have (jfll <q< (j&l,, and division managers are more confident on the other division

that they are on their own, creating envy and discord in the organization, a potentially undesirable
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configuration of internal beliefs.

An important implication of Theorem 2 is that the optimal contract (21) differs from the
corresponding case of risk-neutral division managers with no uncertainty of Theorem 1, where
division managers become full residual claimants in their own division, with 8; = 1, and with no
role for cross-pay ;. With uncertainty concerns, making division managers full residual claimant
exacerbates pessimism toward their own division, depressing effort. In this case, HQ find it optimal
to reduce pay-for-performance sensitivity, 5; < 1, and to hedge division manager uncertainty by
offering exposure to the other division’s uncertainty, setting |v,| > 0.

The presence of risk-aversion affects optimal contracts because hedging uncertainty creates a
risk exposure, which is costly for risk-averse division managers. Optimal contracts trade off the
relative benefits of risk-hedging and uncertainty-hedging motives. For tractability, with risk-averse

division managers we focus on the symmetric case, (S).

Theorem 3 Let condition (S) hold. There is a threshold 7(r,p) (defined in Appendiz), with
7(0,p) =0, such that for d,d" € {A,B}, and d # d':
1. If n <7, optimal incentive contracts induce division managers beliefs cjfil =e "lq and (jg, =gq, by

setting
1

"1+ (1-d/q) +ro? (1- ) /(Zadl)

B >0, v=-pp (23)

Pay-for-performance sensitivity, 8, and Nash equilibrium effort, a, are both decreasing in uncer-
tainty, n; the threshold 7(r, p) is increasing in v and |p|.
2. If n > 1, optimal incentive contracts induce division managers to hold the same beliefs as in

(20) of Theorem 2 by setting

1
T 143 (1—¢%/q) + 2ra% (1 - |p|) /(Zqdd)

B >0, hl=p8 (24)

with sign (v) = —sign (p) . When p =0, HQ are indifferent between v = £[3.

When division managers are risk averse, incentive contracts trade off the benefits on uncertainty
hedging with the cost of deviating from optimal risk sharing. When division managers face low
levels of uncertainty, n < 7, uncertainty aversion does not significantly affect beliefs and, thus,

their incentives to exert effort. At these low levels of uncertainty, the disagreement between division
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managers and HQ is relatively small, with (jg = e "lq < q, corresponding to case (iii) in Lemma 1. In
this case, the benefits of hedging uncertainty are too small relative to its cost, due to increased risk
exposure, and optimal incentive contracts mirror overall those in Theorem 1. The main difference
is that the presence of uncertainty, by increasing the cost of incentive provision, reduces both pay-
for-performance sensitivity and effort (due to the term 1 — ¢%/q in 23). The threshold level 7(r, p)
is increasing in both division manager risk aversion, r, and correlation coefficient p, making this
case more relevant when risk-hedging is more valuable.

When division managers are sufficiently exposed to uncertainty on division productivity, n > 1,
HQ find it optimal to hedge their uncertainty and offer incentive contracts with greater cross-
division exposure, setting |y| = S > |p| 8. In this case, the presence of such large uncertainty,
if left unchallenged, would significantly depress effort. By granting greater cross-division pay |v|,
HQ limit pessimism held by division managers, promoting effort, but at the cost of greater risk
exposure. To hedge division-manager risk exposure, the sign of the cross-division exposure, -,
is again the opposite to the sign of the correlation coefficient, with sign (y) = —sign (p). When
the cash-flows of the two divisions are uncorrelated, cross division exposure does not produce any
risk-hedging benefit (but only uncertainty hedging), and HQ are again indifferent between setting
v=+82

Optimality of “pure-equity” compensation, |y| = f, in Theorem 3 is the consequence of division
symmetry, leading HQ to grant equal exposure to both two divisions. If divisions are not symmetric,
and HQ wishes to implement interior beliefs, as in case (ii) and (iv) of Lemma 1, optimal contracts
still involve cross-division exposure, |y, > 0. However, the composition of pay-for-performance
sensitivity, B4, and cross-division exposure, |v,4|, will now depend on the relative size the two

divisions (which affects division managers’ uncertainty exposure) and their relative risk-exposure.

Corollary 1 Let the optimal contract be such that both division managers have interior beliefs,

23 Interestingly, costly deviations from optimal risk hedging occur only when the benefits from uncertainty hedging
are sufficiently large, generating a discrete jump in cross-division exposure, from |y| = [p|B to |y| = B > |p|B.
The discontinuity is due to the fact that, with low uncertainty, £ < &, division managers beliefs are in case (iii).
In this situation, small deviations from optimal risk-sharing have no impact on division managers beliefs, while
negatively affecting their welfare. Deviations from optimal risk hedging occur only when they lead to sufficiently
large uncertainty-hedging benefits, due to improvements of division managers beliefs, leading HQ to set |Hg4| = 1.
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|Hg| € (e7"d, €M), and let aqqq > agqa, for d # d'. Then the optimal contract {Bg4,vV4}tacia,By has
Baaaqa +ro*B5 = V4l aarqe + ro*3, (25)
with |ya| > EaBa and [v4] < EaBy-

If the two divisions are of differing size, and the optimal contract induces beliefs that are either
in case (ii) or case (iv) of Lemma 1, then the optimal contracts equates the total (expected) cost
to HQ of a division manager’s exposure to the two divisions, leading to (25). This cost is the sum
of two components: for their own division, it is the sum of the (expected) pay-for-performance
component, (;6494, and of the corresponding risk premium, 7"02[33, and for the other division is
the sum of cross-pay, |v4| arqa, and of the corresponding risk premium, 7"027(21. In addition, with
respect to the optimal contract in Theorem 2 the presence of risk aversion has the effect increasing
cross-division exposure for the relatively smaller division, |yy| > By&y, and to decrease such
exposure for the larger division, |y4| < &84

An important implication of Theorem 3 and Corollary 1 is that optimal incentive contracts have
positive cross exposure, |y| > 0, even when division managers are risk averse and division cash-flows
are not correlated, a clear contrast with the traditional “informativeness principle.” This means
that the presence of (sufficiently large) uncertainty leads to incentive contracts that would not

otherwise be optimal under risk aversion alone.

4 Uncertainty-Averse Principal
Uncertainty aversion by HQ introduces an additional source of disagreement with division managers.
We show that the effect of greater disagreement is to increase the cost of relative performance
incentive contracts. As a result, when the uncertainty faced by HQ is sufficiently large relative
to that faced by division managers, optimal incentive contracts have equity components and no
relative performance measures, even in the case of positively correlated division cash-flows. This
result is, again, in sharp contrast with the standard optimal contracts absent uncertainty aversion.
Different from uncertainty-neutral principal, beliefs held by uncertainty-averse HQ are not fixed

but, rather, are determined endogenously as well. Since the properties of Lemma A1l applies also
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to HQ, their beliefs {(ij, (ng} are determined by solving

wo pin_ M@= 3 B ¥alag) —wa (V) 1d"] (26)
{da ™45 " YEKTq de{A,B}
where
. 1 1
KHQ = { g9 - +In | —— [ <779 (27)
1—%—1‘ 1—|% —1‘
qA 4B

Lemma 3 characterizes HQ beliefs for the case in which HQ have positive residual exposure in either

division, ;4 v4 < 1 (which will be the relevant case in subsequent analysis).

Lemma 3 Let 8;+vy <1, d € {A, B} with d' # d, and

HQ — (1 = Ba +va)aa qa (28)
d - 1 _ ’
(1= B4+ va)aaqa
Headquarters assessment of both divisions, ((ij, cng), 18 equal to:
i) quQ = qq and (ng =e MQqgy  for HfQ > eHQ
1
i) QUI{{Q = [eanQHfQ] ? qd; for HfQ € [eanQ, enHQ}

ii1) (ij = e "HQq, and gj,’Q =qg for H{fQ < e "HQ

Similar to Lemma 1, HQ beliefs depend on their relative exposure to the two divisions, as measured
by the corresponding uncertainty ratio H fQ (note that H 5Q =1/H fQ). When HQ have moderate
exposure to both divisions, as in case (ii) with HfQ € [e_”H Q, eH Q] , they have conservative beliefs

Q< q4, and become less confident toward a division when relative exposure

toward each division, cjf
to that division increases. When HQ have a sufficiently large exposure to a division, as in cases (i)
and (iii) with HfQ > e'lHQ or HfQ < e 1@ they will be even less confident toward that division,
(ij = e~ g4, and correspondingly more confident on the other division, qj,’Q = q.

Optimal incentive contracts depend on the extent of uncertainty faced by HQ relative to division
managers. We start again with the (simpler) case where division managers are uncertainty averse
but risk neutral. Beliefs for division managers are still given in Lemma 1, and their effort levels in

Lemma 2. For expositional simplicity, we focus on the case in which division managers are exposed

to the same uncertainty: n,4 = n5 = 7.2* To separate the effect of uncertainty and risk aversion

241t is possible, although messy, to extend the analysis to the case in which division managers are exposed to
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on optimal incentive contracts, we start again with the case where both HQ and division managers

are uncertainty averse but risk neutral.

Theorem 4 Let both HQ and division managers be uncertainty averse but risk neutral. If divisions
are sufficiently homogenous, with ﬁd = (Zg /Zd)l/2 qa/qa € (eanQ, e”HQ) and the uncertainty
faced by HQ) is posilive but not too large relative to that faced by division managers, ngo < n—21In %,

optimal incentive contracts have HfQ =H;= fId with

. o _"T"HQ g 7 A L
G=qf =e 2 G =e2qf;, and (29)
H _NHQ L1
Qg0 =€ quH}, (30)
ford,d € {A, B}, and d # d'. Optimal incentive contracts offer pure equity:
1
Ba="a= L. (31)

8- i)
When divisions are sufficiently homogenous and HQ are not too uncertainty averse relative to divi-
sion managers,?® optimal incentive contracts are pure equity, 3, = 7,4. Beliefs, pay-for-performance
sensitivity and effort levels mimic those in Theorem 2, with the difference that now HQ beliefs are

@ yather than qq- Absent risk-aversion, in optimal contracts HQ equate

endogenous and equal cjfl{
their uncertainty-hedging ratio with respect to each division to the uncertainty hedging ratio of its
division manager by setting HfQ = H,.

From (31), pay-for-performance sensitivity, /3, cross-pay, v4, and effort level, ag, now depend
on the difference in beliefs held by HQ and division manager, (jg / QfQ. In turn, from (29) and
(30) the difference in beliefs depends of the difference between the uncertainty faced by HQ and
division managers, nyo—7 < 0. In particular, an increase of the uncertainty faced by HQ, for given
uncertainty faced division managers, increases pay-for-performance sensitivity, cross-pay, and effort.
This happens because a smaller difference in uncertainty faced by HQ and division managers reduces
the disagreement discount. A smaller discount lowers the cost of incentive provisions and induce

HQ to offer contracts with larger pay-for-performance sensitivity, leading to greater effort. Greater

pay-for-performance sensitivity, however, increases a division manager’s exposure to uncertainty,

different levels of uncertainty, n, # 1. The optimal contract in Theorem 4 is still equity, 5; = .4, but division
managers receive different equity shares: 8, # Bp.

*5This condition ensures that HQ has a positive exposure to both divisions, 1 — 8, — v, > 0, and that their beliefs
fall in case (ii) of Lemma 3.
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which is offset by a corresponding increase of cross-pay. Beliefs held by HQ and division managers
are aligned in the sense that they both hold the same assessment on the relative productivity of
both divisions, ¢4 < /d4 % = §/q%.

Optimal contracts with risk-averse division managers depend again on the trade-off between
uncertainty hedging, with its beneficial effect on effort provision, and risk-hedging. With uncer-
tainty averse HQ, they now depend on the level of uncertainty faced by HQ relative to division
managers’ and on the sign of the correlation coeflicient of division cash flows. For tractability, we

focus on the symmetric case, condition (S).

Theorem 5 (Low uncertainty) Let condition (S) hold. There are thresholds (i1, n"Q) (defined in

the Appendiz) such that if n < 7) and nyo < HQ  optimal incentive contracts induce beliefs for

Q_ e

division managers and HQ cjg =e g < qg, =q and (jf =e "2 q<q by setting

1

a G 2(1_p21 52 ’ Py:_(p_p)/37 (32)
1+2(P—ﬁ)<ﬁ'¢2—1>+( _deQ>_|_rcr(pJ;p)

~HQ -
d, qu qu

8=

ro2 — ro

~d [ A o - _THQ
wherepzqg(qg,—qgQ>L—%(1—e . )>0.

When overall exposure to uncertainty is sufficiently low, optimal contracts mirror again those
absent uncertainty of Theorem 1. The effect of uncertainty is again to reduce pay-for-performance
sensitivity, 3, and depend on the difference of beliefs between HQ and division managers (captured
by the term cjfil/(jf@).

Interestingly, relative-performance compensation, v < 0, is now optimal only with sufficiently
large correlation, p > p > 0 (note that p = 0 when 1y, = 0). The reason is that HQ uncertainty
aversion increases the disagreement discount, raising the cost of hedging division manager risk with
relative performance compensation. This happens because relative-performance compensation,for
division manager d, setting v < 0 generates a “short” exposure to the other division, d’, while HQ
still have a “long” position in that division, 1 —-. From Lemma 3, when HQ are uncertainty averse

Q <y

and hold a long position in d’, they are more pessimistic than the reference probability, (jg
In contrast, from Lemma 1, division managers with a short position, v < 0, are more confident
on the other division d’ than the reference probability, cj(fll, > q. The combined effect is that HQ

and division managers now hold more divergent views on the value of compensation contracts,
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increasing the disagreement discount and the cost of hedging risk.

The implication is that relative-performance compensation is optimal only when the risk-hedging
benefits are sufficiently large, that is, when p > p. Correspondingly, the threshold p is a decreasing
function of a division’s risk, and of division managers’ risk aversion, and is an increasing function
of division size (which increases HQ exposure to a division’s uncertainty, exacerbating the disagree-
ment discount). If division cash-flows are moderately positively correlated, 0 < p < p, optimal
contracts have an equity component, v > 0, different from the benchmark case. Finally, HQ and
division managers are pessimistic on both divisions, and their assessment of division productivity
depends on their relative degree of uncertainty, with (jfil z (ij as T]HTQ Zn.
When uncertainty faced by either HQ or division managers is sufficiently large, optimal incentive

contracts depend on the sign of the correlation coefficient between division cash-flows. We start

with the case on negatively correlated division cash flows.

Theorem 6 (Large uncertainty and negatively correlated cash flows) Let condition (S) hold. If

n > 1 orngg > i@ and p < 0 optimal incentive contracts induce beliefs for division managers
A N _n . _1HQ .
and HQ) equal to qg = qfil, =e gq and qu =e "~z q by selting

1

1 3<1_Ad JIQ) 2ra2(1+p)
+ qd/qd + 2q7 %4

B=v=h= (33)

When either HQ or division managers cash flows face sufficiently large uncertainty, and division
cash-flows are negatively correlated, p < 0, optimal contracts are again pure equity, with 5; = v,.
Furthermore, in this case, division managers have the same beliefs on the productivity of both
divisions, with dg = (jg, = ¢ 3q, for d,d € {A, B} and d # d', and again (jj 2 quQ as Npg 2 1-
Interestingly, if HQ and division managers face the same uncertainty, nyq = 7, they share the same
vision in the firm, cjfil = (jg, = cij = e_gq. Equity-based compensation has the desirable effect of
coordinating internal beliefs in the organization, reaching consensus.

With positively correlated cash-flows, optimal incentive contracts depend critically on the degree

of uncertainty affecting HQ and division managers.

Theorem 7 (Positively correlated cash flows) Let condition (S) hold. Let p > 0, andn > 7). There
are values (ﬁ{{Q,ﬁgQ), with ﬁ{{Q < f]fQ, and g(nHQ) € (e7",1) (defined in the Appendix) with

€(0) =1, such that
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!
(i) if npo < 17{[@ optimal incentive contracts induce beliefs equal to qu e 2¢2q and (jfil, > q, and

n
HQ =e -2 q < q, by setting

1

f= ” N
q%, ~ Gd 2ra2(1
1+<§‘}Q—1>€+2(1—§? )+%
94 94

d.y

where é is increasing in r, o, 1, and decreasing in Z, q, and ngq-
(i) if npg > ﬁfQ optimal incentive contracts induce beliefs for division managers equal to cjg =

THQ
Q*G

qd/ =e" 2q and for HQ equal to §, 2 g <q by setting 5=~ = ﬂ

When division cash-flows are positively correlated and HQ are exposed to low levels of uncertainty,
Nag < ﬁ{{Q, while division managers are exposed to large uncertainty, > 7, optimal contracts
have a relative-performance component, with v < 0. Cross-division exposure is again proportional
to pay-for-performance sensitivity by a factor & , which represent the hedging component of division
manager compensation. Importantly, the hedging factor é depends now on the level of division
managers’ risk aversion and their exposure to uncertainty, relative to the uncertainty faced by HQ.
Greater managerial risk aversion and cash-flow risk increase the importance of hedging division
manager’s risk, leading to more cross-division exposure (bigger é) Similarly, greater uncertainty
aversion by division managers increases the importance of uncertainty hedging, leading again to
more cross-division exposure. In contrast, greater uncertainty by HQ (greater n HQ) and exposure
to division uncertainty (larger values of Z and ¢), by exacerbating the disagreement discount,
increase the cost of both risk and uncertainty hedging. The effect is to reduce optimal cross-
division exposure, 7, worsening division managers’ confidence in their own division: (ig é :
(where £ < 1).

When HQ are exposed to sufficiently large uncertainty, ngq > ﬁng, optimal incentive con-
tracts are again pure equity with 5 = -, with no relative-performance compensation even when
division cash-flows are positively correlated. The reason is that large uncertainty exacerbates dis-
agreement on relative-performance compensation and results into a more significant cost of hedging
division-manager risk. In this situation, hedging risk can conflict with hedging uncertainty. With
sufficiently large uncertainty, the uncertainty-hedging motive overcomes the risk-hedging motive,

and HQ forego altogether the risk-hedging benefits of relative-performance. Rather, they offer
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pure-equity contracts that better aligns division managers beliefs with theirs, lowering the cost of
incentive provision and promoting effort. This case is an important reversal of the predictions of
the standard optimal contracting problem with no uncertainty of Theorem 1.

Finally, note that equity compensation when H(Q) are uncertainty averse is optimal even in the

case of heterogenous divisions.

Corollary 2 Let the optimal contract be such that HQ granting positive exposure to both divisions,
Basva > 0, and both division managers, as well as HQ have beliefs as in case (ii) of Lemma (1) and
(3), with Hy € (e7"4,€") and HfQ € (e7"1Q e"Q) . Then the optimal contract {B4,74}ae(a, B
has

~H ~H
Bdadqd @ + 7’0'263 = ’Ydad’qd/Q + 7’0273‘ (35)

In addition, (1 — B4 — fyd,)adcjé{Q =(1-08y — fyd)ad/(ng, and HQ grants equity compensation:

Ba=Va-

Similar to Corollary (1), the optimal contract with interior beliefs for both HQ and division
managers equates the total (expected) cost to HQ of a division manager’s exposure to both division,
giving (35). Different from Corollary 1, however, ¢79 is now endogenous. From Lemma 3, when
HQ has interior beliefs, HQ equate expected exposure to each division, (1 — 3, — ’yd/)adcij =
(1=By —vd)adrde, which implies that 8; = 4. Corollary 2 shows that, when HQ) are uncertainty
averse, optimality of equity compensation is the outcome of HQ desire to align division managers

beliefs with theirs.

5 Robustness and Discussion

An important assumption in our paper is that the core belief set is a strictly convex set with smooth
boundaries, a property satisfied by the relative entropy criterion. Strict convexity guarantees that
belief held by uncertainty averse division managers and HQ respond to changes in compensation

contracts. This property does not hold when agents hold “rectangular” beliefs, for example where

the core belief set is

Ki(g)=1¢:[ga—n" <4 <qa+1] x g5 —n° < 4 < g5 +7).
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With rectangular beliefs, uncertainty averse agents do not benefit from uncertainty hedging. In-
tuitively, the solutions to the minimization problems in the RHS and LHS of (2) are equivalent,
and the condition holds as an equality. In the context of our paper, division managers and HQ
beliefs on division productivity, the solutions to (14) and (26), are determined by a fixed “worst
case scenario” and do not depend on the relative exposure to division uncertainty generated by
incentive contracts.

Our prediction on the impact of uncertainty aversion on inclusion of relative performance in
incentive contract discussed in Section 4 hold also in the extreme case of “rectangular” beliefs. This
happens because relative performance contracts, where division managers and HQ have opposite
exposure to cross-division cash-flow, lead them to hold extreme opposite beliefs on division pro-
ductivity. Specifically, in this case HQ hold a long position in both divisions and set beliefs at the

Q_ nf1Q. In contrast, division managers hold a short position

lower extreme of the belief range, qu
in the cross-division cash-flow, and are concerned when that division has high productivity, and
will set beliefs at the higher extreme of the belief range, qg, +n®. Thus, rectangular beliefs lead
to extreme disagreement between HQ and division managers on the value of incentive contracts
with relative performance, exacerbating the disagreement discount. The effect is to make even
more costly, from the point of view of HQ, to meet division managers’ participation constraint.
As discussed in Section 4, increasing the cost of hedging division managers’ risk through relative
performance makes such contracts less desirable. 26

One of the main results of our paper is to establish the benefit of uncertainty hedging for
incentive provision. We study the case where HQ can hedge division manager uncertainty by offering
cross-pay, either as equity-based or relative-performance compensation. More generally, HQ can
hedge division manager uncertainty by making incentive contracts to depend also on other external
variables, such as an appropriate benchmark. The potential benefit of inclusion of benchmarks in
incentive pay to hedge uncertainty, however, must be balanced against two costs. The first cost
is due to the additional risk exposure that it may impose on division managers. The second cost
is that external benchmarks may represent side bets for both HQ and division managers. In this

case, HQ and division managers may hold opposite positions on the benchmark, exacerbating the

26Indeed, when there is sufficient uncertainty, nd + nHQ, the optimal contract is y; = 0 and 8, = S—

q 2
o 94, ro

i HQ

iy O zal{ g
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disagreement discount, making it more for HQ to meet division managers’ participation constraint.
Our paper suggests that inclusion of external benchmarks in compensation contracts may help
hedge division manager uncertainty, with a beneficial effect on the incentives to exert effort. Such
benefits, however, must be balanced against an increase in the cost of incentive provision due to

greater risk exposure and disagreement discount.

6 Uncertainty and Beliefs in Organizations

We develop a novel theory of belief formation in organizations based on uncertainty aversion. We
argue the presence of uncertainty, and aversion to it, can generate belief heterogeneity even in cases
where agents share the same set of “core beliefs.” Belief heterogeneity emerges endogenously as the
consequence of agents’ differential exposure to the sources of uncertainty.

Individual exposure to uncertainty can be determined first by their position in the organization.
Top executives are exposed to all the uncertainty factors that affect a firm, either directly, or
through the relevant economic environment surrounding their firm. In contrast, division managers
are disproportionally exposed to uncertainty factors affecting their own division. Exposure to
division uncertainty may derive, for example, from the impact of firm performance on division
managers’ human capital, affecting career opportunities within the firm or their outside options.
We refer to this exposure to uncertainty as hierarchical exposure, because it depends on an agent’s
position in the organizational hierarchy.

The second form of exposure depends on the contractual arrangements in the organization.
Division managers make choices in the context of a web of contracts and rules (organizational
protocols) that govern firms. We refer to this exposure to uncertainty as contractual exposure,
because it depends on all contractual arrangements surrounding agents.

The structure of beliefs that emerges in equilibrium is endogenous and depends on both its
hierarchical configuration and the contractual relationships that bind agents together. An implica-
tion of our paper is that internal beliefs can be managed by both organization design and contract
design. In this paper, we focus on the latter. We argue that, by proper design of incentive contracts,
HQ can affect beliefs within the organization and induce a more favorable belief system, promoting
efficiency.

We show that disagreement emerges as an equilibrium outcome in the belief structure in an
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organization. For example, managers in the upper levels of the hierarchy can (endogenously) be
more confident about their firm’s future performance than lower-level employees. This implies that
rank-and-file managers perceive members of the top management team of a firm (such as CEOs
and CFOs) as overconfident and unrealistically optimistic.

The extent of internal disagreement depends on the level of uncertainty that characterize differ-
ent layers in the organization. When the upper levels in the hierarchy are relatively less concerned
about uncertainty than lower-levels, uncertainty concerns deeper down in the hierarchy can generate
significant disagreement in the organization. HQ can respond by designing contracts with greater
cross-division exposure, through either a more significant equity-based compensation (when division
cash-flows are positively correlated) or enhanced relative-performance provisions (with negatively
correlated cash-flows).

Our model provides a theoretical foundation of the links between compensation structure and
beliefs systems in organizations.?” The effect of equity-based compensation is to realign internal
beliefs, promoting a shared view and internal consensus. In contrast, relative-performance com-
pensation has two divergent effects on internal beliefs. First, it improves and realigns a division
managers’ beliefs on their division with those of HQ, with beneficial effect on effort provision.
The disadvantage of relative-performance compensation is that it may lead division managers to be
more confident on the other divisions in the firm, relative to theirs, creating envy and discord. Such
discord may interfere with overall management and performance of the organization, for example
by affecting the internal allocation of resources.

Finally, a large exposure to uncertainty by top levels in the organization increases the cost of
relative-performance compensation. In this situation, HQ may prefer to forego the risk-hedging
benefits of relative-performance and, rather, offer cheaper equity-based contracts. Such equity-
based contracts provide uncertainty-hedging and promote effort, with the additional benefit of

fostering consensus.

7 Empirical Implications
Our paper has several empirical implications that can help explaining some otherwise puzzling

features of the compensation policies adopted by corporations.

*"Links between pay and sentiment is shown in several papers, such as Bergman and Jenter (2007), Heaton (2002),
and Oyer and Schaefer (2005), among others.
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1. Firms characterized by high uncertainty, such as young firms, prefer compensation contracts
with an equity component rather than relative performance. A puzzling feature of the compensation
structure of many young firms is the widespread use of equity-based compensation throughout the
organization. While equity-based compensation appears to be justified for members of the top
management, such as the CEQ, it is less clear why lower-level managers should receive equity-based
compensation. This is because equity-based compensation reduces the sensitivity of managerial pay
to their action, and thus reduces its effectiveness as an incentive. This practice is even less justifiable
for low-level employees, where the connection between an employee’s actions and equity value is
even more tenuous.

Our paper provides an explanation for the common occurrence of equity-based compensation
and the infrequent use of relative-performance assessments. Specifically, equity-based compensation
plays two important roles. First, it better aligns the beliefs of members of the organization with
the one held by the top management. Absent the equity component in pay, individuals would hold
more conservative beliefs than the top management on the expected performance of their unit.
Inclusion of the equity-based compensation aligns their expectations with the ones held by the
top management, improving the overall disposition of the organization. The second benefit is that,
because of the improvement of expectations, employees will exert greater effort, improving firm
value.

2. Relative performance and pay-for-luck. It is often suggested that lack of relative-performance
component in executive pay results in rewarding top managers for performance influenced by market
forces outside their control rather than their own efforts (“pay-for-luck”).2® Our paper suggests an
advantage of equity-based compensation over relative-performance. Relative-performance creates
a divergence between shareholders, who typically hold “long” positions in their portfolios, and top
executives, that would hold “short” positions in the benchmarks adopted as a basis for their relative
performance. The presence of such divergent positions has the consequence of creating potentially
harmful disagreement between shareholders and top management. Equity-based compensation,
in contrast, has the benefit of aligning shareholders and top executives exposure to uncertainty,
preserving agreement.

3. Mature firms adopt compensation contracts primarily based on pay-for-performance measures

28 Gopalan, Milbourn and Song (2010) argue this is a response to strategic uncertainty surrounding firms.
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with relative-performance components. As firms mature, the level of uncertainty surrounding their
business activities decreases, reducing (or even eliminating) the need for equity-based compensation.
For these firms, effort levels in the organization is better elicited by the use of pay-for-performance
incentive contract, making equity-based compensation redundant. This means that firms should
first start, when they are young, with incentive contracts heavily skewed toward equity-based
compensation, and then move toward pay-for-performance based contracts as they mature.

4. Optimal compensation in business groups. Our paper has also implications for the compen-
sation structure in business groups. Consider an executive manager in a subsidiary of a business (or
family group). Traditional theory would suggest that in these cases compensation should depend
only on the performance of their subsidiary or business unit. In contrast, compensation for such
managers is often tied to the performance of the entire business group. For example, Ma, Tang,
and Gomez (2019) study the compensation structure for the mutual funds industry and find that in
about half of their sample, managers’ bonuses are directly linked to the overall profitability of the
advisor. A similar practice is common in the investment bank industry, where individual bonuses
depend also on the overall performance of the intermediary. Such features, which would be difficult
to be justified on the basis of risk-aversion only, are consistent with the findings of our paper.

5. Managerial (over)optimism. Our model predicts that managers in the upper echelon of
corporate ladders tend to be relatively more optimistic about their firm’s future performance. This
implies that, rank-and-file managers perceive members of the top management team of a firm
(such as CEOs and CFOs) as overconfident and unrealistically optimistic. The role of managerial
overconfidence in corporations has been extensively documented (see, for example, Heaton, 2002,
and Malmendier and Tate, 2005, among others). Goel and Thakor (2008) suggest that managerial
optimism can be the outcome of the managerial selection process, whereby lucky and overconfident
managers are more likely to rise to the top positions of companies. Our paper suggests that top
managers’ optimism is the consequence of uncertainty hedging, and not necessarily the sign of a
negative behavioral bias.

6. Entrepreneur CEOs and family wealth. Entrepreneurship is commonly associated with fam-
ily wealth (Hurst and Lusardi, 2004), and access to family wealth is a primary determinant of
entrepreneurship (Levine and Rubinstein, 2017). There are several reasons why family wealth may

be associated with greater incentives to become entrepreneurs and, thus, CEOs. These include
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relaxation of financial constraints and greater diversification opportunities (lower cost of capital).
Note that traditional risk-diversification rationales would imply the wealthy families invest in in-
dustries with low (or negative) correlation with the bulk of family money. Our paper adds a novel
rationale for the association between family wealth and entrepreneurship. Individuals in wealthy
families, by virtue of their broad portfolio, benefit more from uncertainty hedging, giving them
a comparative advantage in investing in business surrounded by greater uncertainty. As a con-
sequence, owners/CEOs belonging to wealthy families would (endogenously) be characterized by

more optimistic views of their companies. These are new and testable implications.

8 Conclusions and Future Research

We examine the impact of uncertainty aversion on the design of optimal incentive contracts in
an organization. We study the problem faced by a multidivisional firm, for simplicity with two
divisions, where agents may be uncertainty averse. Divisional managers exert unobservable effort
that affects the productivity of their division, creating moral hazard. The contracting problem
is complicated by the fact that division managers are uncertainty averse, making them unduly
conservative in the eyes of their HQ. Such disagreement is endogenous, and the outcome of risk-
exposure created in incentive contracts to promote effort.

We showed that the structure of optimal incentive depends on the level of uncertainty that
affects firms. For firms with low uncertainty, incentive contracts still exhibit pay-for-performance
compensation when division cash-flows are negatively correlated, and relative-performance com-
pensation when division cash-flows are positively correlated, but less than the no-uncertainty case.
For firms characterized by high levels of uncertainty, optimal incentive contracts are more likely to
have cross-pay compensation or straight-equity.

The analysis in our paper can be extended in several ways. First, it would be interesting to
examine multi-tasking situations, as in Holmstrom and Milgrom (1991). Our paper suggests an
important aspect of uncertainty hedging and its impact on task assignment and optimal compen-
sation. An additional avenue of research is to determine the impact of uncertainty on organization
design: it is plausible to expect that organizations in highly uncertain environments have a relatively
flat structure, to promote uncertainty hedging. Our paper is also essentially a partial equilibrium

model. An interesting question is to examine the impact of labor market forces in a process where
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heterogenous agents are matched with heterogenous firms. We leave these important questions for

future research.
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Case i Case v

Case iii

Figure 1: Core of Beliefs

The figure displays the core-belief set, Equation (A35), and the 5 cases of Lemma Al for d = A
under parameter values g4 = ¢g = 100 and 14 = In(5). In Case (i), Ha > €"4, and the division
manager holds the reference beliefs toward her own division, 4 = ¢4, and extreme pessimism
toward the other division, ¢p << gp. In Case (ii), H4 € (e7"4,¢"4), leads to moderate pessimism
toward both divisions, ¢4 < qq, d € {A, B}. In Case (iii), Ha € (—e™"4,¢"4), leads to extreme
pessimism toward her own division, §4 << g4, and to reference beliefs toward the other division,
G = qp- In Case (iv), Hy € (—e"4,—e7"4), leads to moderate pessimism toward her division,
Ga < qa, and to optimism toward the other division, g > ¢p. In Case (v), Hy < —e"4, leads again
to hold the reference beliefs toward her own division, §4 = ¢4, and to be very confident toward the
other division, g >> qp. The dotted line represents the core of beliefs from Equation (3.12) of
Chen and Epstein (2002), with (G4 — qA)2 + (4B — qB)2 < k4: this set corresponds to the relative

entropy criterion for symmetric effort and zero correlation.
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A Internet Appendix A: Aggregation and Linearity

In this appendix we study a continuous-time dynamic stochastic model, and we show that the aggregation and linearity
results of Holmstrom and Milgrom (1987) hold in our environment with uncertainty. The basic model is modified as
follows. Time is continuous, ¢ € [0, 1], and at each instant each division manager chooses effort, aq,; € R4, affecting
the probability distribution of divisional cash-flows. We assume that cash-flows of both divisions, Y; = (Ya, YB,1),
follow the (joint) process

dY; = pdt + TdWy, (A1)

where Wy = (Wa,, Wnt) € R? is a standard bivariate Brownian motion defined on the filtered probability space
(Q, F, (Ft)y>o0 P“), with Ya,0 = Yg,0 = 0. Note (Y, W, P%) is a weak solution to the stochastic differential equations
in (Al); all grocesses are progressively measurable with respect to the filtration (F), -

Following Holmstrém and Milgrom (1987), we assume that division manager efforts affect only the drift of its
own division with no externalities (or synergies) across divisions. The marginal product of a division manager’s
effort is greater in more productive divisions, and we set p; = (144, UB,t)/ with g, = ad,q4, where qq represents the
productivity of division d € {A, B} under the probability, P¢. We will refer to division managers’ (joint) action profile
as a; = (aau,ap,)’. Division cash-flows are homoskedastic, with constant variance o2, and may be (positively or
negatively) correlated, with correlation coefficient p. Further, we assume effort does not affect the variance-covariance

matrix, .' Thus, I' is the symmetric square root of the variance-covariance matrix, giving

o T B S P o B
s(WI+p—vi=-p) $(T+p+VIi—p) po* o

Exerting effort is costly: each division manager suffers an instantaneous monetary cost cq (aq,¢) dt, where c¢q : Ry —
R is a continuously differentiable, increasing and convex function. While in the body of the paper, we set cq (aq,t) =
iaf“, where Z; characterizes effort efficiency of division managers, our result in this appendix applies generally
for any increasing and convex cost function. Following Holmstrém and Milgrom (1987), division managers and HQ
exhibit preferences with constant absolute risk aversion (CARA), and are paid and consume only at the end of the
period, t = 1.2

Effort exerted by each division manager is not observable by either HQ or the other division manager, creating
moral hazard. HQ promote effort by offering division managers incentive contracts, {wa}iecga, 5y, as follows. We
assume that output from each division, Yy, is publicly observable, and we let hy = {Ys|s < t} represent the entire
history of cash-flows from both divisions at each point in time ¢. HQ can condition compensation to each division
manager on the entire history, that is wq (h1). We impose the usual square-integrable condition that EF* [wa (h1)]? <
oo. Given an incentive contract wa(h1) and effort level process aa = {ad,t},¢(o 1), division manager d € {A, B} earns

an end-of-period payoff
1
Ud (hl) =Uu (wd (hl) — / Cq (adyt) dt> N (Ag)
0

—rw

where u (w) = —e™"", and r is the coefficient of absolute risk aversion for both divisional managers. Similarly, HQ

earn end-of-period payoff equal to
II(h1) =7 (Ya1+Ye1—wa (h1) —ws (h1)), (A4)

where 7 (X) = —e~ %%, and R is the coefficient of absolute risk aversion for HQ. Because processes are in L?, they
both have finite expectation.

The differential game unfolds as follows. At the beginning of the period, ¢t = 0, HQ choose incentive contracts
wq (h1) for each division manager d € {4, B}. HQ can commit to contracts {wq (h1)}aecqa, 5}, Which are observable to

both managers. After incentive contracts are offered and accepted, division managers continuously and simultaneously

'Hemmer (2017) and Ball et al. (2020) study contracts when effort affects .

Restricting pay and consumption only to the end avoids the complication of intertemporal consumption smoothing
via private savings. This is studied in He et al. (2017), who study a dynamic agency problem in a setting without
Knightian uncertainty.



choose their level of effort, aq,, after observing history h:. At the end, ¢ = 1, division managers are compensated
according to the realized history, h1, and consumption takes place.

We model uncertainty aversion by adopting the minimum expected utility (MEU) approach of Chen and Epstein
(2002), a dynamic extension of Gilboa and Schmeidler (1989). We assume that both HQ and division managers
are treat the probability measure P® as uncertain. Following Chen and Epstein (2002), P® represents a “reference
probability,” which is assumed to be common for both division managers and HQ.® In addition, we consider beliefs
distortions that are mutually absolutely continuous measures with respect to P?, allowing us to use Girsanov’s

Theorem.* Define a density generator to be a R2-valued Fi-predictable process 6; satisfying the Novikov condition

1
EP” [exp (%/ 0, - Hsds)} < 00, (A5)
0
0 1 t t
z; = exp 75/ 0s -Gsdsf/ 0sdW, (A6)
0 0

is a (P, F:) martingale. By Girsanov’s Theorem, the process 6; generates an equivalent probability measure pao
on (9, F) such that

so that the process

dp*°
ap 7= (A7)

where 2! is the Radon-Nikodym derivative of P*? with respect to P® when restricted to F;. Note that, from

Girsanov’s Theorem, the process
b

t
WY =W, + / 0.ds, (A8)
0

is a standard Brownian motion under the new measure P%?.

Under the measure P*?, divisional cash-flows Y? follow the process

4y = Qaudt +T (dwf’ - Qtdt) = 1 (a0)dt + DdW?, (A9)
where
0
Q= 94 and ue(at) = Qa; — I'0;. (A10)
0 dB

Thus, the density generator process 6; describes decision makers’ (“distorted”) beliefs on the instantaneous produc-
tivity of both divisions.’

Following Chen and Epstein (2002), we assume that uncertainty is IID, and we allow for the possibility that HQ
and division managers may be exposed to different degrees of uncertainty. Thus, we let 05 € Ks (a¢), 6 € {HQ, A, B},
for all t € [0, 1], where K; € R? is set-continuous (both upper- and lower-hemicontinous) with Ks(a:) a convex set

for all a;. We allow for the possibility that uncertainty depends of the level of effort, a;. Let
PO (ar) = {ﬁa’ﬂwt € Ks (ar) ,w} (A11)

be the set of admissible priors for division managers and HQ. Note that P € P (a:) if and only if there is a 05
such that P = P%? and 05 € Ks (ay) for all t. IID uncertainty can be interpreted as nature drawing independent
increments dW;"? of the process W/’ from different urns at each point in time. Similar to Chen and Epstein (2002),
these assumptions imply that a division’s past cash-flow realizations are not informative on future cash-flows, thus
excluding learning. Importantly, they ensure that divisional managers and HQ face stationary uncertainty. Note that
the core beliefs set is rectangular over time, as required for time consistency by Chen and Epstein (2002). However,
the set K may not be a rectangle. Indeed, similar to Chen and Epstein (2002), Equation 3.12, we will consider strictly
convex (“round”) sets K5 (a), 6 € {HQ, A, B} with smooth boundaries.

At the beginning of the game, ¢t = 0, HQ offer division managers a pair of contracts, w (h1) = {waq (hl)}de{A,B}7

$Hansen et al. (2006) refer to the measure P* as the “approximating model.”

‘Miao and Rivera (2016) and Szydlowski and Yoon (2022) use a similar approach.

®Note that in the general model, we allow for the possibility that a division manager considers more uncertain the
productivity of the other division with respect their own.



and a set of (history-dependent) instructions a = {ad}de{A py to maximize expected payoff, that is to solve

max min Efrn (Ya1+Ys1—wa (h1) —wg (h1)) (A12)
{w,a} PEPgQ({ad,ad/})
subject to the constraints that (i) each division managers choose an effort process, aq, given the other division
manager’s action profile, to solve
_ 1
max min Efu <wd (h1) —/ Cd (&d,t)dt) , (A13)
Ga  PePP({auaa}) 0

and (ii) the pairs {aq, wq (h1)}aecga, 5} satisfy their participation constraints

min Bl (wd(hl) _ /0 e (ad,t)dt) > o =0 (A14)

Perg ({oaar))

for d,d" € {A, B}, and d # d’, where uy is a division manager’s reservation utility, normalized to zero. Note that in
problem (A12) - (A14) a division manager’s uncertainty exposure is endogenous and is determined by the incentive
contract, wq (h1), offered by HQ. Contractual exposure concurs to determine a division manager’s beliefs, P;. Given
their higher-level position in the firm hierarchy, HQ exposure to uncertainty is determined by their residual claim in
firm cash-flow, given incentive contracts offered to both division managers in the firm.® HQ hierarchical exposure
concurs to determine HQ beliefs, PHQ. The triplet {lf’HQ, ]5,4, PB} determines the belief structure prevalent in the

firm.

Definition A1 An equilibrium is a set of contracts , w(h1) = {wa (h1)} 44 py» and action processes {aa,ap}, such
that:

(i) Given incentive contracts w(h1), for every history h: each division manager selects effort, aq, optimally, solving

(A13), given the other division manager’s action process, aq for d' # d;

(i1) HQ offer contracts w(h1) that mazimizes (A12) subject to (A13) - (A14).

The aggregation and linearity property of Holmstrom and Milgrom (1987) holds in the case of stationary (IID)

uncertainty with two division managers.

Theorem A1l The optimal contract between HQ and division managers is linear in cash-flows, wq (h1) = sq +
BaYa1 + vyYar 1, with constant sa, By, Vg, for d,d" € {A, B}, and d # d'; it induces constant effort, aq,; = aq, and

beliefs, ]5“’9, with constant distortions, 84 = 0a and Opq,: = 0uqg, for all t.

Proof of Theorem A1l. Each division manager selects a; to maximize
~ 1
Ud,t = - min E,f)u (wd (hl) —/ Cd (&d,t) dt) . (A15)
P ({aweu ) 0
Given optimal effort a* and worst-case scenario process, 83, by the martingale representation theorem, Uqg ¢ is an It
Process adapted to Y% " with zero drift (Theorem 4.33, Jacod and Shiryaev, 1987): dUqa; = Yo [dYta*’e —u? (a*)dt|.

Define wgq,: so that u(wa,: — fol cq (a:}’t) dt) = Ug,: wa,e can be interpreted as the balance that the DM has with the
HQ. We can express

1
« 1
Wd,t = / Cd (advt) dt — ; 11’1 (_Ud,t) . (A16)
0
- R X . 1 .

1(\310te that this is t};e2 equilibrium a™, not necessarily the chosen a. Let ¢ = fo cd (ad’t) dt— % In (—U). Because %—f =0,

% = ﬁ, and ﬁ = W%’ and deﬁning Bdt = (7771{])’1‘(”,
dwa, = B, (dYt“*’e — i (a}) dt) n gB;,tZBd,tdt (A17)

SWe assume HQ are full residual claimants in firm cash-flow. More generally, HQ act in the context of incentive
contracts from a compensation committee, exposing them to contractual exposure as well.



Because the optimal contract is progressively measurable with respect to Fy , we can express
1 t t
* 4 * T
Wat = Wao +/ ca (aj,) dt +/ B, (dyf —uf (at)dt) + 5B{i,,fEBgl,tdt (A18)
0 0 0
At the optimal effort level, af, this becomes
1 t <y t
Wa,e = Wa,0 + / ca(ag,)dt+ | By dwWe® + / 513{1,,523d,m{1t (A19)
0 0 0

Off-equilibrium, if the DM deviates from a* to a, he shifts the probability distribution from P to P*. From the
Girsanov’s Theorem, set h* = T Ay, where Ay is a vector with Ap, = p,(aq) — py (a) and Apy = 0. Let
z{ = exp {—l fg he - hids + fot hgdWS}. By Girsanov’s Theorem, h* generates an equivalent probability measure
P® on (9, F) such that <&

Pa* |7, = h®. Further, W¢ = W — fot hids is a Brownian Motion. This changes the payoff

to
1 . t , . t r t "
Wa,t = Wa,0 +/ ca (ah,)dt —|—/ Ba.: (,ug (as) — p® (at)dt) —|—/ iBfi,tEBd,tdt —|—/ By, dW{ (A20)
0 0 0 0

Because the agent is uncertainty averse, they will also take the worst-case scenario over € K;s. Thus, the division

manager’s problem becomes

1
Ugs = max min E % (wd (h1) —/ cq (Qayt) dt) . (A21)
a PEPEQ({ad,ad/}) 0
. ! dpP* dp**®
= i EY h1) — aq,t) dt . A22
Uy =max min B {“ (w“’( ) /O ¢a (@a.r) ) AP dpa } (A22)
Applying Girsanov’s Theorem and rearranging, we can express
= in B0 lu (W A2
Ua,t max GtGI?({sr(lat) h [u (W) wt} , (A23)
where, defining Hy (a,6, B) = By 1’ (at) — ca (aa,e),
W = wao + / [Hq(a,0,B) — Hq(a*,0, B)]dt, (A24)

and v, = exp (f(f (—=rBl,) dW{ — fo —rBa,) 2 (—rBayz) dt) is a martingale. Therefore, the choice of a and 6 affect
U4, only through W, and only through H. Therefore, the DM solves

max min Hg(a,0;B) (A25)
at 0reKg(at)

for all points in time. Because aj solves the maximization problem, Ug; is a supermartingale for any choice of aq
and a martingale only if aq = a}; almost surely. Therefore, a} is the optimal effort choice. Note this holds for both
division managers at every time.

Similarly, HQ solves

T4+ = max min Ern (X) (A26)
{w,a} PePe ({ad,ad/})

where X =Y4 +Yp —wa —wp. Let ¢, =1 — Ba¢ — Bp,;. Similar to above, we can express

II4: = max min ~ EM’ |:7T (X) fQ] (A27)
{w a} 0:€Kpg(at)

where X = f Hpygdt —wa,0 —ws,o,
Hugq (a*,B,0310,03) = ¢'u’He (a]) + Ha (a},0%, B) + Hg (a3, 05, B) (A28)
—%Bg,tZBA,t - ng,tzBB,t - gqs;zgz)

and 1/),{{@ = exp (fo —R¢}) dW{ — fo —R¢,) T (—R¢,) dt) is a martingale. Note that for all points in time and
history, Hgq depends only on the instantaneous contract, B, instantaneous effort, ay ,, and belief distortions at time



t, 05.. Therefore, at each point in time, HQ solves

gjlj?a)i eeKn;iél(at) Hpyg (a,B,0rqg,04) (A29)
subject to a* and 0} solving (A25). Because this problem is identical throughout the tree, the solution must remain
the same. Therefore, HQ optimally grants the same exposure B to DMs at all points in the tree, so the contract is
linear. m

Theorem A1l implies that we can restrict our analysis to affine incentive contracts with constant coefficients,
as assumed in the body of the paper. Intuitively, the process w (h¢) is progressively measurable with respect to
the filtration (F%),., generated by the bivariate Brownian motion W;. Thus, similar to Holmstrom and Milgrom
(1987), the marting?xle representation theorem ensures that it can be represented as an Ité process, which guarantees
instantaneous linearity of incentive contracts. Translation invariance of CARA utility (precluding wealth effects) and
IID uncertainty ensure that HQ and division managers face the same instantaneous optimization problem at every
point in the tree, ensuring overall linearity. In the optimal contract, HQ grant division managers a constant share 3,
of their own division, a constant exposure v, to the other division, inducing constant effort, aq = aq,+, and constant
belief distortions, (04,0m¢), for all ¢, for all ¢ € [0, 1].

Theorem A1l implies that the solution to the dynamic model is equivalent to the solution of a corresponding
static problem where HQ offer only affine contracts that depend on division cash-flows. The static problem that
corresponds to the dynamic model can then be written in certainty equivalent form, as follows. Letting ba = (84,74)’,
bs = (v5,8z), d = (¢4, 05) = (1 —ba — bg)’, where 1 = (1,1)’, HQ choose a pair of incentive contracts and action
profiles, {wd, ai}aca, B}, that maximize their (instantaneous) certainty equivalent objective function, solving

max

— R
mi 0 — 4/, 0HQ _ ’ %0
(X QHQGI;I;Q(E)’/T ¢ 9 (a) —2¢Z¢—3A—SB, (A30)

subject to the constraint that division managers maximize the certainty equivalent of their objective function
. ~ T,
max min uz =54+ b'd,ugd' (@d,aq ) — =bgXbg — cq (aaq), (A31)
aqg 0€Kg(a) 2
and to the participation constraints

. A _ C ! _ >
edg;é?(a) Sa + bgp 4 (a) 2bd2bd ca(aq) >0 (A32)

for d € {A, B}. Note that, absent uncertainty, Krg (a) = Kq(a) = {0} and problem (A30) - (A32) collapses to
the corresponding static problem of Holmstrém and Milgrom (1987). Further, because Theorem Al shows that the
optimal contract implements constant effort, a¢, and constant distortions 6, it is sufficient to consider 6 € Kq4 (a).
Finally, we must show that it is consistent with IID Ambiguity of Chen and Epstein (2002) to have uncertainty on
firm productivity, q. Note that IID Ambiguity considers uncertainty on 6, not on ¢, so we must show that ambiguity

on productivity g, is equivalent to considering IID ambiguity on 6. Define € = (ea,ep) = I'0, and let

Ks (@) = {0l |- (1= 212l (1 2lel) ] < 1 (A33)

Note these expressions are not history dependent and provide a special case of IID uncertainty. The parameter 7
reflects the degree of confidence in the reference probability P® held by agent ¢, for 6 € {HQ, A, B}, where n; = 0
indicates full confidence, and increasing uncertainty is characterized by greater 7;.

In the optimization problem (A30) - (A32), division managers beliefs are determined by minimizing their objective
function u% where, from (A10), the density generator process 6 characterizes belief distortions affecting the drift,
u? (a) = Qa —TI'0, of the cash-flow process Y. For expositional simplicity, we will consider an affine transformation
of the distorted beliefs 6, and define

)
O%a=Qa—T0 with Q° = [ A g ] , (A34)
0 43
where qg, represents the (distorted) belief of § € {A, B, HQ} on the productivity of division d’ = {A, B}. From

(A34), the core belief set (A33), expressed in terms of belief distortions 6, induces a corresponding core belief set



1 1
_ —— | < .
1_ % —gqa ’ +ln 1_ i%—aB ‘ =" (A35)
qA 9B

Ki={¢|In

expressed in terms of belief distortions on division productivity, ¢’°. Note that the set Kg does not depend on a because
K (a) scales in effort a and, thus, from (A34) uncertainty directly affects effort productivity, g. The transformation

(A34) leads to corresponding objective functions for division managers and HQ
g = Sa+by0% — %b;Zbd —cq (aaq), (A36)
# = (1—ba—0bp) Q"% —s4—sp. (A37)

The following Lemma establishes the equivalency of considering core beliefs sets K5 and Kg.

Lemma A1 The following two problems are equivalent:

min u) = min 4q, (A38)
eK,y ddng
where ¢¢ = (G4, %), with § € {A, B}. Similarly, for HQ miNge K 7 (a) 70 is equivalent to min.go. a7
q EKHQ

Proof of Lemma Al. For 65 € K5 (a), define ¢’ so that ¢ = qq — i ('), an affine transformation of 65, so that
1’ = Qa —Tls = Q%a. (A35) follows by substituting ¢° into (A33): 05 € Ks (a) iff ¢° € KI. m

B Internet Appendix B: Proofs

Proof of Theorem 1. Linearity follows from Theorem Al, by setting K4 = Kp = Kug = {0}; thus compensation
contract to division manager d is wq = sa + B,Ya,1 + V4Yar,1- Substituting for ,ug and ¥ in (A13)7 division manager

d selects ag to solve
2
ro 2 2
Hcllf:l«x ug = 84 + B4qaad + Vqqa g — 5 (/Bd + 208474 + ’Yd) —cq(aq). (B1)
Because uq is strictly concave, the incentive constraint is fully characterized by the first-order condition and the

unique maximizer is aq = $;Z4qq. Because of translation invariance of uq, (A14) always binds at an optimum, giving

2
ro
Sa = 5~ (B3 + 208474 +73) + ca (aa) — Byqata — Vqda au - (B2)
Substituting for sq into HQ objective, (A12), we obtain
2
. ro
=) [qdad = (Ba+ 208074 +72) — calad) |, (B3)
de{A,B}

Substituting for aq = 8;Z4qq in 7 and differentiating we obtain that
. 1
L+7r02 (1= p?)/(Zaq3)’

Second order conditions are satisfied by concavity of (A12). m

Ba and g = —pBy (B4)

Proof of Lemma 1. Division managers determine (1257 (j[‘f,) in (14). We will focus on two cases: we start with the
case where v, > 0, and then we consider the case v, < 0. Consider § = gq4 + 6, for & > 0. Switching to (jji =qa—0
lowers iiq by 2,046 while leaving the constraint unchanged. Therefore, it must be that ¢4 < g4. Similarly, switching
from (jg, =qu + 0, for § > 0 to qg,_ = qq — 0 lowers Uq by 2y,a4 0, leaving the constraint unchanged. Therefore, it

must also be that cjj, < qq. Thus, we can express the Lagrangian as

= —Qa— A[ge —ng) — Ta ((ig - Qd) —Tq (Qg/ - Qd'> (B5)

where gc = In % + In g%'. Because problem (14) admits corner solutions, we characterize its solution by use of the
d

d’



full Kuhn-Tucker conditions:

8[. 8’&(1 890 A
—~ = = A —Tda=—f4ad+ 3 — 74 =0, B6
dgd aqt "~ oqd T gl (BS)
oL Oliq 09e A
= —— - A —Tar = —Y40q0 + — —Tq =0,
o4 og, “oqy U T

A(ge — )+Td(d_Qd)“l‘Td’(qj’_Qd/):O,
A > 0,7y >0, 7a>0, ng—ge >0, ga— G >0, qw — §4 > 0.

Note first that, from the definition of g., to satisfy the constraint n; — g. > 0 it must be ¢4 > 0 and Gy > 0, which
t 9L

= = W = 0. Note also that 8 a4 > 0 implies that A > 0, and thus that g. — n; = 0. In addition,

it cannot be that both 74 > 0 and 74 > 0 because, if so, then §¢ = ¢4 and (jd, = qq/, which would imply that

implies tha

ge = 0 < ny, which contradicts A > 0. This leaves us with three types of solutions: 74 =74 =0, 74 > 0 = 74, and

Ta=0<Tg.

If rg = ¢ = 0, then 25 = 25 — ( together imply that A = ﬁdadég and A = 'ydadrtjg/, giving ﬁdadqg = ’ydad/(jg,.

2G4 299,
Because g. = n, implies that ngj, = e Mqqqu, after substitution this implies that 5:;; (qg) = e "dqqqq, or
1 1
equivalently, §¢ = [efnde] 2 qq, where Hg = %. Similarly, ¢ = [e*”d H%z] : qar- In order for this to be

feasible, however, it must be that §¢ < qq, or equivalently, Hy < e"4, and (jg, < qq, or equivalently, Hy > e~ "d,
giving case (ii). If 74 > 0 = 74, then ¢4 = g4 and, from g. = Mg, also qj, = e "dqy. Note that % = 0 implies that
{i/
aL

A =ryqaq0€e "qy and, from 26 = 0, we have that
d

’ 77](1 !
4= —Byaq+ 1adeC Z 94— B804 (Hee ™ — 1) > 0, (BT)
d

which requires Hq > €4, giving case (i). Finally, if 74 = 0 < 74/, then 4% = qq and, from g. = 7, also G4 = e "4 qq.
= 0, we have that

Note that now g{fd = 0 implies that A = 8, aqe™ "?qq, and, from aqd
d

aqe” 4 -1 =
Tar = —Ygaq + w =vqaq (Hy temma 1) >0, (B8)
d/
which requires 0 < Hy < e” "4, giving part of case (iii).
The case with 7, < 0 proceeds in a similar way, giving cases (iv), (v) and the remainder of case (iii), and is

omitted. Note that in the case of interior beliefs, case (iv), for Hg € (—e", —e™"4) we have

=

1
G4 = [e”"¢ |Ha|] ? qa, and §s = <2 — e \Hd|_1] 2) qar- (B9)

Finally, in case (v) we have §% = qo and % = (2 — e™"4)qy for Hy < —e". m
Proof of Lemma 2. The lemma is shown in two steps. First, we obtain division managers’ best response functions,
aq = ZaB,443, as function of their beliefs, as in Lemma 1. Second, because ¢4 is positive, continuous, and increasing
in ag, we characterize the Nash equilibrium in terms of log (aq) and we apply the contraction mapping theorem,
proving uniqueness.
Division manager d € {A, B} chooses effort level aq to solve (16) by setting
aﬁd Bud aqd aﬁd E)(jj, E)ﬁd
% aqd Oag &jj, Oag - % -

9 (a, @ (a,w)) = (B10)

dag

where the second equality holds by the envelope theorem, as follows. For cases (ii) and (iv) of Lemma 1, we have
that a"d =229 and a"d
d

944

L od nd
O0lq aqd aqu Gy _ A\ Og 3qd 8Ag 94\ _ )\dig —0 (B11)
Bqd daq 045, dag 8Gq Daq | 04y Oaq dag
because g = e~ "4, 1 i)-(iii 49 and ¢4 d t d d q 244 _ oag, _ 0, dud _ Qug _
g = e ", In cases (i)-(iii)-(v), ¢ and ¢3 do not depend on aq4, an Bar = Bay = 0, giving 7d = Fod =

5,1 _L_O



Thus, the best response functions are ag = Zdﬂd(jj7 where beliefs §¢ are from Lemma 1. If v, = 0, we have that

Hy =0, giving aqg = ZgfB4e” "4qq. If v, # 0, the best response depends on the effort by the other division manager, a4 .
If the other division manager, d’ # d, exerts low effort ay < ag, = W, we have that |Hg| < e”"4 and division
manager d holds pessimistic belief as in case (iii) of Lemma 1, §¢ = e~ "4 qq, giving aq = al* = ZaBye " qq. If division
manager d exerts moderate level of effort, aCLl, <ag < ag = %ﬁ:qu, division manager d hold beliefs as in case

(i) of Lemma 1, if v, > 0, and as in case (iv), if v, < 0; thus |[Hg| € [e™"4,€"4] and aqg = [Z] |v4| aw B " qaqa] 5
Finally, if division manager d’ exerts a high level of effort, ay > a’l, division manager d hold beliefs as in case (i) of
Lemma 1, if v, > 0, and as in case (v), if v, < 0; thus |Hg| > €"¢ and aq = Z4,q4. The best response function for
DM d is therefore given by

a(li* = Zdﬁd677]de aq < aﬁl
* 1
aq (ad’) = EL; (ad/) = [Zﬁ |’yd| ad/ﬁdefndqd/qd] 3 CLdL/ S Qagqr S af, . (B12)
a? = ZaB 494 agr > ag

A Nash equilibrium is a pair {aa,ap} such that aqg = a} (as), d € {A, B}, d # d'. Note that a; (aq) is a positive,

continuous, and increasing function of a4, . Expressing the best response in logs, we obtain

InZ4B,e""1qa Inag <Inak
* 1
Inag(lnag) =4 In [Z3 |7l Bae "4 qarqa] ® + % In (aa) Ina% <Inay <Ilnal . (B13)
In Z4 444 Inag > lnaff,
Further, note ;:5:/ =0 for ag < al and ag > alf, while ;:;j = % for ak, < ag < a%. Define F : R? — R?

so that F' = (Ina% (Inap),lna} (Inaa))’, and let d(x,y) be the Euclidean distance. For x,y € R? define &4 =

max {ln ak, min {xd,ln af}} and g = max {ln ak, min {yd,ln adH}}, we have

d(F(z),F(y) = \/(111&32 (z5) —Ina (ys))* + (Inaj (v4) — Inaj (ya))® (B14)
<

Because the best-response function is constant if d’ exerts low effort, ay < a%, and if d’ exerts high effort,

(Ina* (ZB) —Ina* (g}B))2 + (Inaj (Za) —Inajy (g}A))2

o] +[§6a-50] = 2460 < Saw),

which implies that 0 < d (F (z), F (y))

Equilibrium exists and is unique.

d(z,y) for all z,y € R2. Thus, F is a contraction mapping and the Nash

aqgr > afl_{, the Nash Equilibrium is fully determined. All that remains to be determined is the Nash Equilibrium
effort for d when a < ag < afl. There are three possible cases:
(1) If agr = alf > ak, so that |[Hy| < ™4, then

3
aq = &2 (aiﬁ) = |:Z§Zw€7<nd+nd/) h/d| ﬁdlﬁdqglqd} 3 ; (B15)

(2) If agr = a%F < al}, so that |[Hy| > e’ then

ol

aq = ay (aF) = [Z3Zve " |yl BaBadiaa) ® ; (B16)

(3) if a)f < ag < a3, so that |Hy| € (e "4 e ), then setting aq = a; (ag) and ag = @}y (aq), after solving

we obtain

ool

_ S ., 1
aq = G4 = [6 ner?l/Bd |7d|] : [e a Zg’ﬂd’ "Yd"] [qaqar]? - (B17)

Comparative statics follow by differentiation. m

Proof of Theorem 2. Because (19) binds and r = 0, HQ payoff # is now equal to

2
N ~d ~d a
™= Z <Qdad — B404 (Qd - Qd) - Vq@d’ (Qd' - Qd') - ﬁ) ) (BlS)
d,d'€{A,B},
d'#d



where aq are the Nash-equilibrium effort levels of Lemma 2. The proof is in two steps. First, we show that # is
symmetric in vy, around zero; in the second step, we find the optimal contract under the restriction that v, > 0.

Note that, from Lemma 1, ¢¢ depends on v, only through its absolute value, |y,|. Thus, from Lemma 2,
equilibrium action aq = 5dqug§ also depends on |y,| only. This implies the first term of the disagreement discount,
Bqaa (qa — G5), depends only on |v,|. We next show that, if v, < 0, the second term of the disagreement discount,
YqQd’ (qd/ - qu/)7 is unchanged by offering cross pay, |v,|, rather than relative performance evaluation, v, < 0. From
Lemma 1, let qgf be the belief held by the DM when receiving |y,| instead of v, < 0. We will show ~y a4/ (qd/ - cjgl) =
14l @@ (qar — G4). Consider in turn cases (iii), (iv) and (v) in Lemma 1.

First, in case (v) we have that Hy < —e? and 43, = (2 —e ") qo. This implies that replacing v, with |y
gives that |[Hg| > €7 and beliefs will be as in case (i). Thus, setting ¢4 = e "4gy we obtain

Vg4l aar (qd/ — (jgfr) = |v4| agr (1 — 677"1) qar = Vq0d (67” — 1) qar = Y4aaq (qd/ — (jg/) . (B19)
In case (iii), we have that |H4| < e~"<. This implies that qj,* =§% = qu, so
.d d
1val aar (qd' — Gy’ ) = Yalar (qw - Qd’) =0. (B20)
5 3
In case (iv), Hq € (—e”d, —e_"d) and ¢4 = (2 - [e Nd %] ) qa, giving
na g 3 na g 3
d e "1 ,a4q4q e "5 a4qaq
Yatd (qd/ —qd/) = 7,40d |:7:| -1 qu =|v4lae |1 — {7 qq - B21
‘ ‘ < Pl tarda Frd l aar (B21)
1
This implies that replacing v, with |v,|, beliefs will be as in case (ii). Thus, setting cjg,*' = [e*”d mﬁ] g we
obtain
d d
el aa (a0 = d57) = va00r (0 — @) (B22)

Therefore, #(v,) = #(|v4]) and # is symmetric in v, around zero.
Because HQ is indifferent between |y,| and ~,, it is sufficient to consider v, > 0. If v, > e"d%, division
manager beliefs are in case (i) of Lemma 1, with G4 = qq and (jg, = e Mgy, giving aq = [;3Zaqq. Thus, 38—5; =

, division manager

Biaddd
aqrqgr

—agqe (1 —e ") <0, and setting vy, > €4 ii‘/l;:/d is not optimal. Similarly, if v, < e™"d
beliefs are in case (iii) of Lemma 1, with (jj = e gy and qg, = qu, giving aq = B3Zqe” "4 qq. In addition, (jg, = qq

and ¢4 = e gy together imply that 8” = 0 and it is weakly optimal to set vy, > e~ 424949 Thig implies that

agrqqr
HQ set e "4 ’i‘f:;:ld <y <eld 5”;‘;‘1;1,‘1 and induce beliefs that are in case (ii) of 1, with Hq € [e~"4,€"d].
Because the participation constraint binds, HQ objective function becomes
F=(1—ba—bp) Qaa+ (aA(aA,qA) - sA) + (aB(aB,qB) - sB) . (B23)

~2
where tq(da, %) = minqdeK‘? g, with @g = sq + Buaads + v 484 4% — ;Tdd = 0 and where a4 is the Nash equilibrium
given by (B17) in the proof of Lemma 2. This implies that
dw oa, Odgr

d
S = quaat (1= By — Yg) Gt + (1= By — ) qo =2 B24
dﬁd ( d de ) aﬁd ( d ,Yd) d aﬁd ( )
+dud(ad7q (@4, wa)) n dig (a0, G (a0, war))
dﬁd dBq
Because g%"i = aqd?, % = ’yd(jl‘f/ and ad' = 86 , by applying the envelope theorem on @q(dq, qd), we obtain that
diva(aa, ¢*(aa, wa)) _ Ota | Ofa Oag d Qa/
=2 v = G445 + ,—= B25
i, 98, " o, 08, adid + 7ada 85, (B25)
Similarly, because %Z‘g =0, %%; = ’Y(i’(jglv and aad = ;gd, by applying the envelope theorem on <y (ad/,qd’), we
obtain that v
dig (Gqr, ¢ (Gar,war)) _ Otg | Olg Odg ’Yd/lig/%- (B26)
ds, a8, daq 03, 86,



Together, (B25) and (B26) give that

di . d 3aq ag
— = —ad(qd—q) — By =V + (1 =By —vy) Q= B27
dﬁd d ( d d) 8ﬁd ( d d) d S/Bd ( )
byl Ay qd e
’Yde’ 86 Yardd 8511.
Consider now v,;. We have that
dx 0aq Oy
— = —quaa +(1—Bs—va)az5— + 1 —Ba —74) qa B28
= (1= By = va) aug + (L= B =) 4w G (B25)
diig(aa, ¢ (aa, wa)) " ditg (aar, G (a0, war))
d’Yd dvq
Because gi = aqgqd, g;d/ = v,4%, and %?Z = 87 , by applying the envelope theorem on @4(@q,§¢), we obtain that
dﬁd(dd7qd(ad7wd)) O0lg Olg Odg .d Qg
= — — = aq'qq + ) — B29
v, v, | Baw dvy d Qd Yadd 87, ( )
. ddiy Aty ! o a . L
Similarly, because 372 =0, Tii = ’yd,qj , and gwj = ;—Z, by applying the envelope theorem on g (ad/,qd ), we
obtain that
N - ~d! [« N N - , 27
dig i ) _ D | Db g i 50
dvg vy Oda Ov4 8Ya
Together, (B29) and (B30) give that
dn . d 3a4 agr
-— = —ad/(qd'—q/)+ L=Ba—7a)aag—+ (1 =By —7a) qa B31
o §) + (= By =) gt + (1= B = va) g (B31)
Qg ~d' 3ad
+’qur1/ + Yardd 3y,
Vd
Thus, from (B27) and (B31) we obtain the first-order conditions:
dr ( ~d Ad dr . ~d Ad
— = qd — ) =0; —:—ar(q/—q/)—i——:o, B32
dﬁd /Bd ) d’Yd d d d Y4 ( )
where Ag = (1= By —74) @222t + (1= By — 7a) dar & + 7adh “- + V0G4 22, giving
B4ad (Qd - ‘fg) = YarGa (Qd' - Qg/) . (B33)
Because, from Lemma 1, 84449 = 7,044, we have that (B33) implies that 3,G4q4 = YgGarqar and thus that Hy = 1,
leading to ¢4 = (jj, = ef%dqd and dq = ef%d,Bdqud, Substituting the values of v, and aq into HQ objective, we
obtain )
. R N N BiZaq (44
F= Y |BuZaaedi 283740 (a0 i) - %(d) : (B34)
d,d'€{A,B},
d'#d
Differentiating, we obtain
dn R . . A
i Zaqady — 4B 4Zadd <Qd - qi) — BaZa (qﬁ) =0, (B35)
d
giving
1
By = (B36)

14+3(1-44/qq)
Finally, setting Hg = 1 gives

Gdqd Qdqd
= —8B,=&,8,;, where {, = ——. B37
Yd Garq =&aba §a = Qe ( )
Substituting for the values of @4 and a4, given the expression for beliefs in Lemma 1, we obtain
1-3(1—@3!/%/) i) g
€, = 4i/qa Zaqa (B38)

1-3(1-q%/q) @Yaw Zards

If HQ implement the symmetric contract, with v, = — we obtain that ¢4 = (2 — e_n#) qar- Thus |y, =

10



&,8,. If divisions are symmetric, and condition (S) holds, £, = 1. Comparative statics follow by direct differentiation.
]

Proof of Theorem 3. Because the participation constraint (19) binds, HQ payoff, %, now is equal to

a3 ro® (Bh 4280740 +72)
274 2

Z (1-84- ”Yd’) qdaad + ﬁdad(ﬁ + Vqaa qg’ - (B39)

d,d'€{A,B}
d'#d
where {aa,ap} are the Nash equilibrium effort levels of Lemma 2.

Different from the case of Theorem 2, because of the presence of the last term, HQ objective function 7 admits
multiple strict local maxima. The proof therefore proceeds in two steps. First, we consider candidate optimal
contracts that induce division managers to hold one of four possible configurations of beliefs (implied by Lemma 1).
Specifically, we consider contracts as follows. Case (A): a small exposure to the other division leading to |Hg4| < e "4,
corresponding to case (iii) of Lemma 1; Case (B): a moderate positive exposure to the other division, leading to
Hy € (efnd,e"d), corresponding to case (ii) of Lemma 1; Case (C): a moderate negative exposure to the other
division, leading to Hq € (—e"¢,—e~"4), corresponding to case (iv) of Lemma 1; Case (D): a large (negative or
positive) exposure to the other division, leading to |Hg| > €4 corresponding to cases (i) and (v) of Lemma 1.
Second, we compare payoffs to HQ from optimal contracts in these regions and we determine the globally optimal
contract.

Case (A): If |Hy| < e "¢, have §& = e gy and §% = qar, which do not depend on v,. Similarly, by Lemma 2,
aq = ByZqe” "4qq, which does not depend on v, as well. Therefore, setting

on

67% = —ro® (PBa+74) =0 (B40)
gives v, = —pfB, and 7y, is set to hedge risk with no effect on incentives. Substituting in 7 and differentiating we
obtain o% )

a5, = (=200 Zaadi + 8420 () =06, (1= 1) (B41)
Therefore
By = ! (B42)

1+ (1=¢d/q) +ro2 (1 —p?) /(Zqqd)’
After substitution, this gives HQ payoff under condition (S)
1 [e_nZ q2]2

= . B4
T (2—emMe1Zq¢>+ro?(1—p?) (B43)

Case (B): If Hyg € (e_”, e”), we can express the payoff to HQ as

F=(1-ba—bp) Qa+ (ﬂA(aA,(iA(aA,wA)) - SA) + (ﬂs(aB,QB(aB,wB)) - SB) , (B44)
where 4q4(aq, (jd(ad, wq)) = minqdek‘f 1q, with
d
d d a 10’ o oy a
ta(ad, §"(ad, wa)) = Byadda + Yq0ardar — - (Ba+20Bava+va) — i =0, (B45)

and where aq4 is the Nash equilibrium given by (B17). Because g4 is strictly concave and the minimum operator is
concave, tq4(ad, g (aa,waq)) is strictly concave. Therefore, 7 is strictly concave as well. Thus, first-order conditions of

optimality are sufficient for a local optimum. Similar to the proof of Theorem 2, we have

dm Oaq Oa g
— = —qabat+ (1 —08,—v4)qa=—+ 1 =By —vy4) Q@' =—— B46
d/Bd ( d ’Yd ) a/Bd ( d d) d aﬁd ( )
dtia(ia, §*(aa, wa)) | dig (g, q" (Gar, wa))
dBg4 dBg '
. . da 34 day gy 8 ~d da ~d
In this region, from (B17), we have agj = ﬁ and 05(2 = ﬁ. Because 6;‘; = 7,47 and ﬁj = aqaqq —
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o2 (B4 + pv,), by applying the envelope theorem on tg(dq, ¢%):

diiq(a 7Ad a B ~ 4 Qg
a(Ga, 4" (Ga, wa)) = adqg —ro’ (Ba+pra) + 'qug’ = (B47)
dB, 88,4
Similarly, because %%dd' =0 and %f;d =Yg ¢, from (B47) and (B26) we obtain
L J)Hl—ﬁ— ) e 4 (1~ By~ 7)o (B45)
dg, = d{4qd —qq a~ Yar ngﬁd d — Ya)4d 88,
L4 3a
0% (Ba+ pVa) + Vald oo 5 + Y j‘
d
Consider now v,. We have that
dn Odq Odg
— = —qu Qg 1-— — Yy — 1—-084 — e B49
i, qardar + (1= B4 w)qda%H Bar —Va) da o, (B49)
dia(da, §*(aa,wa)) | dit (a0, G (G0, wa))
dvq dvq
Because gid = ad/qd/7 aa i ’qud, and Bad’ _ ;%, by applying the envelope theorem on 4q4(éda, (jd), we obtain that
dtig(da, §* . /
Balla, 000 w0)) _ 4 0?3+ pBa) + a2 (B50)
dyy 874
.. ot ;1 Ot 51 ~ a a
Similarly, because 8"/(2 =0, 8@3 =Yg qfil , and gvj = ;’ﬂ/d, from (B50) and (B30) we obtain
dn 5 d 3aq Qg
O o (g — @)+ =By =) @ (1 - B,y — , B51
o aq (qd qd)+( Ba fyd)ng + (1 =By —74) ta 57, (B51)
~d! 3ad
—ro” (Y + pBa) + ’YdCId’ 87 +Yardd 8,
Thus, from (B48) and (B51), we obtain the first-order conditions
dw N ( d 2
= —aa(a—-dl) - o’ (Ba+ =0, B52
B, d\4qd — 4d (Ba+pva) + ﬁ (B52)
dit iy . A
df = —Qagq (qd/ —qg/) —Tro (’)/d-‘rpﬁd)‘f'id _0
Yd Ya
where Ay = (1= B4 = V) da5% + (1= By = Va) qwr & + vadlh & + 70043 232, giving
Babd (Qd — ﬁg> +ro? (53 + P’Ydﬂd) = Yala’ (Qd’ - @fil/) + 7o’ (73 + Pﬂtﬂd) . (B53)
By Lemma 1, we have that Bdédcﬁ = 7ddd/cj§l,, which implies that
Baiaqa + ro’ By = yydaqa +ro’yd (B54)

We will guess and verify that, due to the symmetry condition (S), it is optimal to implement symmetric effort,
Gq = Gg = @, and that qg = q, n;, = 71, and Zq = Z. Define f (z) = xzaq + ro®2®. Note f’ (z) = aq + 2ro*z > 0 for
2 > 0, so that f is monotonic over positive numbers and f (v,) = f (8,) if and only if v, = 8,. Thus, §¢ = §% = e~ 2¢
and aq = e_gZBE 53/‘]- In order to optimally implement the same effort, it must be that 8, = 84/, so @ = e_‘;LZBq.

Thus, we obtain the first-order condition

2
di . ) aZ ZB4 (44
= —ZB,444 (q - qj) +(1-28y)qdi= —ro’B, (1 +p) + ZPa(da)” _ 0. (B55)
dg, 2 2
Therefore )
82 = _ —. B56
“T (1 a3/a) + 207 (1 |o]) /(Zad) (B36)
After substitution, this gives HQ payoff
2 —n 4
72 = Z7e g (B57)

Ze~ 5 (4—36*%)—&—27“02(14—;)).
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Because 3, is the same for both divisions, this verifies that a is symmetric. Because HQ objective 7 is strictly
concave on this region, there is only one solution on this region, which implies that the symmetric solution is the
unique solution.

Case (C): Consider Hq € (—€”,—e™") with 8, > 0 > 7,. Following the same process as in case (B) above, we

have
dw . Oaq Oag
— = —qatat+ 1 —B4—vy)ta— +(1— By — qqr ——— B58
s, ( a—Ya) 9B, ( @ — Va)4d a8, ( )
n diia (g, 4 (aa, wa)) n divg (a0, G (40, war))
dﬁd dBq
Because in this region ﬁ?d = Z:TZ and 8%’ = SB , from (B47) and (B26) we obtain that
D= (aa— 8) + (0= B = Ta) da a4 (1= By — ) aw (B59)
dB, 85 864
.d' 304
ro’ (Ba+pva) + ’Yde' 8,6’ +Yarda 86,
Consider now 7,. We have that
dﬁ' - 6ad 8ad/
— = —quay + 1 -8y —va + (= By —Va) B60
d,yd ( d d ) a,yd ( d d) a,yd ( )
dtia(aa, §* (da, wa)) i ditg (aar, G (a0, war))
dvq dvq
Because g%; = %, Zi‘g = g:;; and ggdd/ = yddg,, by applying the envelope theorem on @4 (aqr, (jd/), we obtain that
dtg(aa, ¢%(aq, w N .4 Qg
(Ga 3 (@, wa)) = aw sy —r0® (va + pBa) + G —- (B61)
Yd 8"
Similarly, because %i‘fi’ =0, B;;‘i’ = ’yd/(jg/, and g:j = g”%, by applying the envelope theorem on g (sz/,(jd/)7 we
obtain that ,
dad' (dd’a qu (dd' ) wd')) ~d’ 3(1(1
=Yy dd —- B62
dvg " By (202
Together (B61) and (B62) give that
drn . ~d 3fld éd’
-— = —ad/(qd/—qf)Jr L=Ba—=7a)aag—+ 1 =By —7a) g B63
e d<dd>8d<dd>m (B63)
~d' 3ad
—r0” (v4 + pBa) + 4 8 “ o+ vawd 1
Thus, from (B59) and (B63), we obtain the first-order conditions
dn ) A
a, ~ (qd - qf}) —r0® (By+ pra) + 35 =0, (B64)
dBy Ba
die _ . A
4. - T (Qd’ - qg/) —10% (4 +pBy) + =2 =0,
Yd Ya
where Ag = (1= By — ¥ar) @22 + (1= B — V) qar & + Vadd - + 7§ 222, giving
Baia (a4 — aF) +r0” (87 + p’vdﬁd) = Yaitar (qdf —@h) 410 (V3 + pBara) - (B65)
. . . . ~d [ —ng % ~d _ [,—m4q -1 % — Yd%q’ 94’ 3
Again, in this region, g = [e |HdH qa, and ¢ = (2 [e |Ha| ] qa’, where Hg = EFCRTIR Thus,
. ~d . _nd _1 . _nd 1
Yalar (qd/ - qé]/) = Yqlaqa’ (e > |Hg| 72 — 1) = —Yqdaqw — € 2 (840494 [V4l @ qar)? - (B66)
Similarly,
~ _nd . . 1
Badads =€ 2 (Byaaga |Val Garqar)? (B67)
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Therefore, after substitution, we obtain that (B65) becomes
Babdagqa + 10”5 = [l darqar + oy, (B68)

We guess again that HQ optimally implement the same effort from both divisions, a4 = G4, which implies that
F(val) = f(By), where again f (z) = zdq + ro*z?. This implies that |y,| = 8,, or equivalently, that v, = —3,, so
that Hg = —1. Thus, ddd = efgq, and cjg, = (2 — efg) q. To be consistent with this guess, it must be that 8, = 8,,
so that ag = s = e‘gZﬁdq. Substituting in 7 and differentiating we obtain

dn

= 28t (e =) = r0*8 (14 )+ 5 (1= 20,) Zai + 56,7 (i) (B69)

2

B = L
¢ 1+3(1-3¢2/q) + 2ro* (1 — p) /(Zqqd)’

After substitution, this gives HQ payoff

(B70)

W= —— Zze;n‘f : (BT1)
Ze 2¢? (4 — 36_5) +2ro2(1—p)

which verifies the guess that HQ optimally implements symmetric effort. Comparing #2 and 7>, observe that they

differ only for the final term in the denominator. Thus, #° = #% as p = 0, and

< <
2 —n, 4
max {#%,#°} = —— z =1 . (B72)
Ze 2q? (4 —3e” 2) +2ro2(1—|p|)
Case (D): If v, > e",, we have that 4 = g4 and ¢% = e "qqr, so
o —n 2
—— =—agqe (1—€e ") —ro” (pBy+74) <O, (B73)
9y
and setting v, > €"5, is not optimal. Similarly, if v, < —e"S,, we have that G4 = g4 and (jj, = (2 — 67") q
on —-n 2
5, = Gwdw (1—e™") +7r0° (|l — pBy) >0 (B74)
Yd
and setting v, < —e", is not optimal. Thus, under symmetry, |Hq| < e".
The second and final step is to compare max {7?2, fr?’} and 7. Let
0\ 2
fon=2(1-e#) 2¢ + 70> (1= |pl) [ (1+ |p]) - 2], (BT5)
so that max {#2,#%} > #' if and only if f > 0. Note f (0) = —ro? (1 — |p|)* < 0,
ffn)=2 (1 - 67%) e 22q¢° + ro’e” (1-p*) >0 (B76)

and lim, o f (7) = +oo, which implies there is a unique 7 such that max {#,#°} > #' if and only if n > 7. Thus,
for n < 7§ the optimal contract is in Case (A), with 8, = B} and v, = —pf,, leading to (23), and for n > 7 the
optimal contract is in Case (B) for p < 0, with 8, = 82 and |y,| = 8, or in Case (C) for p > 0, with 3, = #5 and
|74l = B4, leading to (24).

Finally, note that the first term of f, 2 (1 — 67%)2 Zq?, is strictly positive. Because f (7)) = 0, it must be that
ro® (1 — |p|) [€" (1 + |p|) — 2] < 0. This implies that 3£ = o2 (1 — [p|) [e" (1 +|p|) — 2] < 0 in a neighborhood of 7.

i
f?(’;]) > 0, and 7 is increasing in r. Finally, for p # 0, define

By the implicit function theorem, we obtain that % =—
n, = —1In(|p|) and note that
29 2 (1= |p])?
f(ny) =2 (1= VIol) 28 +ro v (B77)
which implies that 7 <n,. ®
Proof of Corollary 1. In the proof of Theorem 3, we showed that 5, aqq4 + razﬁi = |v,4l aarqar + r0273. Define
£ Bas1val) = Byaaqa + ro®B2 — |v4l aarqer — ro®~3, and note that in an optimal contract, f = 0. Note also that
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f(Bg,B4) = By (aaga — aargar) > 0 and that

2 2
adqd 292 adqqd
f<ﬁ 5)27‘05 (1— )<0. B78
dva ' qa d d ai,qgl ( )
Thus, f (B4, 1al) = 0 implies [yl € (8 2405 8,) for 2425 > 1, and y,| € (2495 6,,8,.) for 494 < 1. m

Proof of Theorem 4. We guess and verify that headquarters have positive exposure to both divisions, ¢, =
1— B, — 74 > 0, and that beliefs are as in case (i) of Lemma 3, H® ¢ (e7"1@ e"11Q). Because (19) binds and
r =0, HQ payoff # is equal to
> [ade ~(1=B4=74)aa (Qd - ddHQ) — Baaa (qd - 63) —Vqaa (qw - édd/)] ; (B79)
d,d'€{A,B}

d#d’

where ¢¢ = ((jg, cjjl) are division manager beliefs from Lemma 1, a4 are the Nash equilibrium effort levels from Lemma

GH1Q = (de,qd,Q) are HQ beliefs from Lemma 3. The proof is in two steps and is similar to the proof of

2, and ¢
Theorem 2. First, we show that v, < 0 is suboptimal; then we find the optimal contract for v, > 0.

Similar to Theorem 2, switching from v, to |v,| does not affect G4, and thus does not affect ag and Baad (qd — (}fii/)
Letting again qd,+ be the belief held by a division manager when receiving |y,| instead of v, < 0, we have that

Yaaa (g0 — qd,) = |vql aa (qar — qd, ) for all v, < 0. This implies that
(1= By = a) aw (a0 = d5%) < 0 =By —7a) aw (a0 — 35°) (B80)

for v, < 0 because (ng < ga, and thus that setting v, < 0 is dominated by offering its absolute value, |v,| .
Because HQ strictly prefers offering |y, > 0 to all v, < 0, it is sufficient to consider v, > 0. If HQ sets v, >

e"d%7 division manager beliefs are in case (i) of Lemma 1, with ¢ = qq and §% = ¢ "qq, giving ag = 8,Zaqa.
Thus, ﬁ = —ag ((ng — qg,) < 0 because qu,Q € (e7"2qq,qa) and Ny, < 7, SO setting v, > e"di‘fj'/ligzd is not
Bdade

optimal. Slmllarly, fo<y, <e ™ , division managers beliefs are in case (iii) of Lemma 1, with 3 = e "4gy

aqrqq
and (jd, = qa, giving aq = B Zqse "4qq. In addition, ﬁ = ag ((jg/ — ngQ) > 0 because (ng (eanqu,qd) SO
setting v, < e~ "4 ii‘fg:/"’ is not optimal. This implies that HQ set e~ "4 i‘i‘/‘;’jﬁ <y, < el B‘Z?;:f and induce beliefs
that are in case (ii) of Lemma 1, with Hq € (e™",€").

Similar to the proof of Theorem 2, we can express HQ’s objective as
= 04047 + piniy? + (@A(am " (aa,wa)) — SA) + (’&B(aB, qB(aB,wB)) - SB) , (B81)

where ¢, =1—8,— 74, ﬂd(dd,(jd) = min dleKi Ug, With g = sq +Bdadqd +fydad/qd/ — 4 =0, and aq is the Nash

equilibrium of division managers given by (B17) in the proof of Lemma 2. Consider ﬁrst

ﬁ _ AHQa + ¢ s AHQ n ¢ 4 qAH n ¢ AHQ 8ad + ¢ HQ aad/ (B82)
B, d dd@ﬁ @ Tgg ~ T Pala Ha T Pwde G4
dia(ia, ¢*(da, wa)) | di (@, q® (da, wa))
dBy dBq
) H 84 HQ
Because ¢7€ solves (26), from the envelope theorem Dy0d 53— BB + Py Ga 55— 68 = 0, which, together with (B25) and
(B26) from the proof of Theorem 2, gives
drn - (AHQ ) HQ 3ad a d’ ~d' 3CLd
—— = —aq(q + + /q, + q/ + vy Qq —- B83
B, d \dq ®qdy 8ﬂ Gqrdy B Yadd 86, Yardd 88, ( )
Consider now 7,. Applying again the envelope theorem on 7 ((jHQ), we obtain
dﬁ' ~HQ 6CLd ~HQ aad/
— = —{, aa — G B84
v, qd ad + 9qd, + o4, 97, ( )
dita(da, §* (a, wd)) " ditg (aar, G (a0, war))
dvq dvg

15



Substituting (B29) and (B30) from the proof of Theorem 2 gives

dm . (-HQ ) HQ 304 FHQ aa’ a Qg ~d' 304
- = —ay V< — G5 /q ) — 1Gq —- B85
&, Gq (qd Gar ) + 44, 8, + ¢urq, 8, + 7443 8, + Yarda 8, (B85)
Thus, from (B83) and (B85) we obtain the first-order conditions
dn . (AHQ  Ad Aq dm i (19 _ gd Ag
7:*0@((] q) =0, —= (q/ fq/)+f:0, B86
dBy ¢ 6d d’Yd ¢ ¢ Yd ( )
where Ag = 6,45 V258 + 6340 2L + 7403 "L + v0dd 252, giving
Baia (a5 % =) = vuda (45° - ) - (BST)

Because, from Lemma 1, 8,843 = v,4a4%, we have that (B87) implies dedeQ = wdad/de. Because HHQ €

LHQ
_ JH JH agrdy 3
(e "HQ,e"HQ), from Lemma 3, ¢, 044, Q= ¢d,ad/qd,Q. Thus, adqg,@ = {YZ =
d

¢ -. Define mgq such that 8, = mady,
, and thus 8, = v, =

mq

SO Y4 = Mapy, which implies ¢, = 1 — B, — vy = gty

1 . . .
Trmatmy Substituting in

1
vy = B4 into & from Lemma 2, we have dq = (Z(%Zd/) 4 efg(ﬂgﬁd/)%(qdqd/)%. Substituting into HQ objective, we

obtain
. 1 1 _THQ _n 3
*=(ZaZB)2qaqs(BaBB)> {26 e 2 (1=B4—Bp)+ e "(Ba +ﬁB):| . (B88)
Differentiating, we obtain the first-order condition
dn 1 - 1 Q _n 3 _
L L Ll e (L A M R U CORE| ST N )
d
giving
6%(7}—7]1{@) +3 (% _ e%("l—'ﬂHQ)) ﬁ + <§ _ 6%("_77HQ)) ﬂd’ =0. (BQO)
Because this holds for both divisions, after solving we obtain
1 1
Ba=Bp= =Ya> (B91)

4 3er(ma=n) — 143(1 - ¢¢/gl9)
giving ( 1). Note 8 < % because nyo < 1 — 2In3 and HdHQ =H; € (e7"1Q e"1Q). This implies that dq =
(Zdzd’) e 2(qdqd/)l X ot N _THQ ~ L

e R and thus that §¢ = e 2qqH;] and qu =e 2 g¢H7. Similarly, (29) and (30) follow by
4-3e2\"THQ™

direct substitution. m

Proof of Theorems 5-7. Because the participation constraint (19) binds, we can express HQ’s payoff as
=040y + dpanip? + (ﬁA(am " (aa, wa)) — SA) + (ﬂB(aB, " (ap,wp)) — SB) ) (B92)

where ¢, =1 — B, — vy and ta(aq, §%(aq, wq)) = minqdng tg, with

2 2
N N N N ro a
ta(aa, §%(ag, wa)) = sa + Byaads + vgaa 4y — = (B3 + 208474 +73) — 5y de =0, (B93)

where ¢ is from Lemma 1, aq is from Lemma 2, and ¢*€ is from Lemma 3. Different from Theorem 4, and similar
to Theorem 3, because of division manager risk aversion, HQ objective function m admits again multiple strict local
maxima. The proof proceeds again in two steps. First, we consider candidate optimal contracts that induce division
managers to hold one of four possible configurations of beliefs (implied by Lemma 1) in the same four cases examined
in the proof of Theorem 3, Cases (A) to (D). Second, we compare payoffs to HQ from optimal contracts in these
regions and we determine the globally optimal contract. We will show Case (D) is never optimal. Note that optimal
contracts falling in Case (A) correspond to Theorem 5, Case (B) corresponds to Theorem 6, Case (C) corresponds to
Theorem 7 part (i). Finally, the comparison of payoffs from Case (B) and Case (C) gives Theorem 7 part (ii).

Case (A): If |Hy| < €7, have ¢4 = e "qq and §% = qq, which do not depend on v,. Similarly, by Lemma 2,
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aq = ByZqe” "4qq, which implies that both aq and a4 do not depend on ;. Therefore,

G 1, ¢ 0as20 a0 a0 g qie 0o (B94)
dvy R R P A AL A
dig(aa, ¢ (ag,wa)) | dia (aa,q" (aa, wa))
+ + )
dvq dvg
. agtlQ 8g e " . . da
where, by the envelope theorem on 7, we have d)dadadT + d)d,ad/ﬁ = 0. In addition, on this region, 6—,& =
da L diig(ayg.d%(ag.w o4 . diy (ayr,q% (aywy o4,
87"; = 0, which implies that %%¢(2d.d"(ad.wa)) dg,y((i a:wa)) — 867—1; =aydh —ro® (pBy+,) and =4 (ag Zl“/d( a/:0q)) —87‘2 =
Thus,
on R
o = aw (a0 = d5?) = o (pBa+7a). (B95)
Ya
. JHQ _ ~HQ _ _THQ or . .
Because HQ has long exposure to the symmetric divisions, §; ~ = ¢, = e~ 2 ¢. Thus, g = 0 if and only if
. n
v = —Mp, where M = p—pand p = fag (qd/ — qd, ) = TITZ;F (1 —e jgQ). Following a similar approach, we
obtain & )
us ~d ~ ~ ~
5 = @092 (=28, ~ MB, (aw —°) 632 + 87 (i) —ro*6, (1~ pM). (BY6)
d

Note 1 —pM =1—p?> +ppand 1 —2pM + M?> =1 —p* +p?, 50 1 — pM = 1 —2pM + M? + p(p—p). Also,
ro?B.p(p—p) =2 (qd/ — qgQ) G4 (p — p). Thus, we obtain the first-order condition

;T;d = @7z (=28, + 847 (d ) (B97)
~2MB, (a0 = 35°) 447 — 1084 (1 = 2pM + M?) =0
which implies
Bq= ! —~ YRTTY (B9S)
o) (g 1) (1) -
giving (32). After substitution, this gives HQ payoff
- 2

U nng (nq+2n) 7244 (B99)

(2M—|—2(1—M)e_ —e—") e~ "Zq? + ro? (1—2pM—|—M2)'

Case (B): If Hq € (67", e"), as in the proof of Theorem 4, applying the envelope theorem on 7 (qAHQ)7 we have

dmw AHQ . ~HQ 8ad ~HQ 8ad/
— = =y %aa+(1—-Bs—va)q L= By —va) du B100
dﬁd d ( d d) d 86d ( d d) d aﬂd ( )
dia(as, 4" (@0, wa) | dita (@a,q" (@a, war))
dBqg dBqg
Because in this region % = g”% and aad' = g[%, from (B47) and (B26), we have
dn (AHQ Ad) ~HQ 30d ~HQ Ga’
= = —aaldy  —qi)+ A —=Bg—va)d + (= Ba —7a) 4w
B, d \ 94 d ( d @) 44 8Bd ( d a) d 83,
—ro® (8 +m)+vq/ +7 Ad% (B101)
d d d4d 86 a4 S/Bd .
Consider now v,. Applying again the envelope theorem on 7 (@HQ), we have
dn . LHQ 0dq Q Odar
— = —qgag+(1—=06,—vy 1—=By —7v4) Gy B102
L i+ (1= By = 1) i O 5+ (1= By =70 80 G (B102)
dﬂd(dd, (jd(dd, U}d)) + dﬂdl (dd’y qd/ (ddl, Wy ))
dvq dvg
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Because in this region 8%2 = 344 apq Pt — from (B50) and (B30), we have that

8v4 Ovq 8'y ’
. ~d ~HQ 30d JHQ Qar
- = —aq (Qd’ - Qd’) +(1=Bg—va) 94 (1—=By —7a) qq
dvg 8 Va 8%a
~d' 3ad
—ro” (va+ pBa) + ’qucl' + Yo 3y, (B103)
YV
Thus, from (B101) and (B103) we obtain the first-order conditions
dn . ) A
g5 = —ea(@®—ad) —ro’ Butpva)+ 50 =0 (B104)
dBg Ba
d# (AHQ d ) 2 Aqg
— = —ag {4y —do)—ro (pBy+v4) + — =0,
dv, d’ \4a d (PBq a) v
where Au = ¢ydy @5t + 005 C &+ vady & +y0dd %5 siving
Baaa (ﬁfQ - ég) +r0” (B3 + pvaBa) = Vaaa (@562 - ﬁg/) +r0” (pyaBa+77) (B105)

From Lemma 1, we have 5dadq§ = vy aa4%. Also, because ¢, > 0 and HQ has beliefs as in case (i) of Lemma 3,

with d)dadeQ = d)d,ad/cng, we have

/Bdade +ro /Bd = Vd%ade @ +ro? 'Yd (B106)

We now show that ¢, = ¢5. Suppose to the contrary that ¢, > ¢5. Because (B106) holds for both divisions,
B4 > v4 but B < vp. This would imply, however, that ¢, = 1— 5, —vg < 1 — B — 4 = ¢p, which is a
contradiction. Similarly, ¢ 4, < ¢ would also imply a contradiction. Thus, ¢, = ¢. Further, this implies

(audi'® +70* (Ba+74)) (B =) = 0. (B107)

Since the first term is strictly positive, 8; = 7,4 Further, because the divisions are symmetric, the first-order
conditions are symmetric, which implies the existence of a symmetric solution, 8, = 5. Because the problem

is strictly concave on this region, this must be the unique solution. Thus, ax = ap = e‘gZﬂq. Also, zij =
NHQ THQ 3

qp¥=e "2 qand i =43 =e %q 50 Ag=(1—28)e"

_n _n
q% + ﬂefquZZﬂq, which gives the first-order

condition & 5 )
™ ~ ~d & ~
5 = 520840 287 + 526 (i) —ro’8(1+p) =0, (B108)
d
and thus )
5 = - AHQ 2T02(1+p) = [5', (B109)
giving (33). After substitution, this gives HQ payoff
2 4 ,—(ngq+n)
7= Zqe . (B110)

(ngg+m)
Zq? <4e_f - 36‘”) +2ro2 (14 p)

Theorem 4 showed that v, > 0 is optimal when r = 0. Similarly, v, > 0 when p = 0. Further, for p < 0, granting

V4 < 0 results in a larger risk premium, & (B3 +2pB, +77), than setting v, > 0. Thus, Case (B) dominates Case
(C) for all p < 0. To conclude the proof of Theorem 5, note that #° > #* if and only if gr > 0, where
_NHQ _ _(mg+n _ 9
g = (2M+2(1—M)e "2 +2 " —4e 2 e "Zq (B111)

+ro? (1—2pM + M?—2¢7"(1+p)).

and note that gr|p=n,,=0 = —ro” (1 +p)? < 0, which implies that #* > #° for n = Ngg = 0. Note also that
n n

% =2 (1 e ) e "Zg* +2ro® (M — p) =0, because M = p—pand p= ¢ :022‘7 (1 e ), and thus that

dg JlmgEm —n 2 2 2 o .

871L =—gr+2e 2 —e ") e "Zqg" +ro (1 —2pM + M ) > 0 for all gz < 0. This implies that, for a given

Mg, there is a unique ) so that gz (f% nHQ) =0, and for all 7 > #, it is gr, > 0 and thus #° > 7.
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7 n
Consider now 7. Note first that dgLQ = (2677] - (1- M)) e e "Z¢* >0forn<n =-2Ini(1-M).
Substituting 1’ in gz, we obtain

2 2 2
gulyoy = 32 8(1 M) 24 4 ro? (1—2pM+M2—%(1+p)) >0, (B112)
where the inequality is obtained by noting that h(p) = 1 — 2pM + M? — % (1+ p) is linear in p for any given

M, thus achieving its minimum at an endpoint. Because h (1) = 3 (1 — M)* > 0and h(=1) = (14+ M) > 0, we

have that h (p) > 0 for all p € [—1,1], and thus that gr|,—,, > 0. This implies that in the neighborhood of gr =0,
77 < 7', and thus that agL > 0. Thus, there is a unique 7, (allowing for the possibility that 7o = 0) such that

2> 7t fornp > Nrgs provmg Theorem 5.
Case (C): Consider Hq € (—€",—e~") with 8, > 0 > ~,. This case gives part (i) of Theorem 7.

dw HQ LHQ 0d4 HQ Ot
o - +(1— , 1- 8, / B113
dﬁd qd ad ( ﬂd Yd ) qd 8ﬁd ( Bd ’Yd) qd aﬂd ( )

dia(ia, ¢ (@a, wa)) | dia (@a,§® (da, wa))

By B,

Because % = g% and %‘;‘Z’ = Sﬁ , from (B47) and (B26) we have that
dn LHQ  ~d JHQ 30d ~HQ Ga’
- —ad(q —q)+1—6 —Ya) 4 + =B —7a) do
dﬂd d d ( d d ) d 8,3d ( d d) d Sﬂd
—r0” (By+ pYg) + Vals = + 443 Ad %. (B114)
85 864
Consider now 4. We have that
dﬁ' ~HQ - ~HQ 8ad AHQ aad/
I = - 7 / 1 - ’ 1 - ’ B115
d’Yd qd aq + ( Bd Yd ) a,y ( /Bd ) 8’Yd ( )
dia(aa, §*(aa, wa)) i ditg (aa, §* (ag, war))
dvg dvg
Because ggj = S%Z, 885;‘5 = gj;, from (B61) and (B30) we obtain
dn . LHQ ~d ~HQ 3CLd
T’M = —ag (qd/ - Qd’) + (=B84 —=Ya)dy 87, (B116)
' 34
LHQ O ~d' 30d
+ (1= Bar —va) 4y % —r0” (v4 + pBa) +Qd/ 8 C v wdd 8,
From (B114) and (B116) we obtain the first-order conditions
d# . . A
= —aa (a9 - ad) - 10 (Ba+ pra) + S0 =0, (B117)
B, Ba
dm y (AHQ d ) 2 Ag
—— = —Ga Qg —da)—r0" (vg+pBs) +— =0
d’Yd d d d ( d d) Yq )
where Ag = (1= By —74) 45 2% + (1= By —74) 45 ° "L + 7405 4 + 7444 234, giving
Byta (@fQ - (jfil) +ro? (53 + P’Ydﬁd) = Yq0a’ ((ng - (jg/) +ro? (73 + Pﬁd’Yd) . (B118)

Because the first-order conditions are symmetric, there exists a symmetric solution: 8, = 8 = and v, = v5 = 7.

Th HQ _ - "HQ — 2 sodl e BhiZ
us,ag =a=e" 2Zﬁ2 |fy|2 g. This also implies that ¢ , = ¢, s0 4, e” "2 q. Also, Hy = 5:804qg =€ 2"¢q
B2
1
and ¢4 = (2 — e 3 L2 '-)q. Thus, Bagd = e~ 3432 \’y|% aq and
I'v\2
THQ _ 1 1
va (tif/Q—éZ/) =yae™ 2 q—2yaq — ¢ 2% [7|F ag, (B119)
which implies that
MHQ N"HQ
Bae~ "2 q+ro’B =y (2 —e 2 ) aq + ro’~* (B120)
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~ ~ " AL
Because % € (fe", 7677]), there exists € € (ef”,e") such that v = —£B. Substituting in a = effyZﬂfzq, (B120) is

equivalent to f (é) =0, where

7(9)
NHQ ngQ+tn

Note f(e7) <0 < f(1) =2 [e 2 —1] e~ 8 Z¢® and f' > 0,50 € € (e7",1) for nyg > 0, but E=1if

[(2em§Q _ 1) é— 1] R R T (5 - 1) —0. (B121)

Nio = 0. Comparative statics on E follow because max {%, ;sz, %} < 0 < min {g—; g—? 85;@ } Further, g—g =0
if and only if

1 N
8= - - e s AR A LA (B122)
1 a_ _q 21 — da ZroTACRs)
+ (Qfl{ce ) £+ 2( e )+ 7314
giving (34). After substitution in 7, we have
—(naQ+n ¢z2 4
6 _ e §27q (B123)

NHQ NHQ

20~ "5 [14 (2e™5% — 1) €] e 382 202 — 3e0E2Z + 107 (1- 2 +E)

Note #% > #* if and only if gs > 0, where

_1HQ - 2 2 2
gs = (2M+2(1—M)e > 42 ")Zq +e"ra® (1—2pM + M?) (B124)
S a2
NHQ MHQ N Al (1*295+5)
e~ [1+(2e L 71) 5] efgg 2Zq27ro2T,
with P 1
NHQ 7 NHQ AT Al
% —ero® (1—p>+ (p—M)?) +{e 2 e 2 [1+ (267 - 1) 5]5 2 224" (B125)
n
n A7 A—d -
Note that [1 + (26 74 1) 5} £ 7 is increasing and larger than 2 for £ € (e”",1), so 369;775 > 0. Also, 65}‘;@ =
_1HQ o, o 2\ —1HQ _ma-3 ., o - 2 ) s A
—(1-M)e "2 Zgq +(1—§)e 2 e 2& *Zqg°. Because M < e7" < &, we have that Bngg < 0. Defining 7,

779 so that gs (ﬁ, ﬁfIQ) = 0, part (i) of Theorem 7 is proven.

Case (D): If v, > e"4j,, 944 — g g0 9agr 0, and thus ;—AZ = —ay ((ng — qj,) —ro? (pB+7) < 0,507 < eB.

974 974
Similarly, if v, < —e" 3y, g%j = %:ﬂg =0, so % = —ay ((ng — (jj/) — 1% (pBy +v4) - Because ¢y > 0 > vy,

(ng < qu < ¢%. Also, p € (—1,1). Thus, a;% > 0 for v, < —e"3,, so it must be that v, > —e"43,. Therefore,
Case (D) is suboptimal.
All that remains to be shown is part (ii) of Theorem 7, by showing that #% > #% when Nug is large enough. Note

#° > 4% if and only if gg > 0, where

n n “ a1l ~ ~ ~
g = 230 [1 n (26%'9 . 1) g] e 3228 4 1o (1 — 20k + 52) /&
7(71HQ+"I) 2 2
—4e 2 Zq" —2ro” (1+p). (B126)
Note 85—5 = fg(g) = 0. Note that
3gE A\ Aol g+ 9
=|—(1-— 242 2 Zq° >0 B127
B {(€)£+}eiq_ (B127)

if and only ifé > 3 — 2v/2. Recall é is strictly decreasing in 7. This implies that g an inverse U-shaped function

of ngyg and that there is a unique 77IHQ7 defined by é(n;{Q) = 3 — 2v/2, such that BC?IiIEQ > 0 for nyo < Ny and

Bii{EQ <0 for ngqo > anQ. Next, we will show that gg > 0 for all ngqo > anQ and, thus, for all é < 3 —2v2. Note

that, from (B121), we can express (B126) as

nH n a1 f g
gp —de~ T (g z _ 1) Z¢* + ( ) + 2ro? E —2p— 1} ) (B128)
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The first term is positive because é < 1, the second term is zero, and the third term is positive for all é > 3, which

is satisfied for £ < 3 —2v2 < 5. This implies that gu(nyo) > 0 for all nyq > n;{Q. Thus, if gg (0) > 0, gg > 0 for
all ngo > 0, and thus define 79 = 0; otherwise, if gg (0) < 0, there is a unique 75'? such that gr(7X?) = 0, with
ﬁng < 77/HQ, completing the proof of Theorem 7. m

Proof of Corollary 2. Follows directly from equation (B107). m
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