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Abstract

This paper studies optimal executive pay when the CEO is concerned about
fairness: if his wage falls below a perceived fair share of output, the CEO suffers
disutility that is increasing in the discrepancy. Fairness concerns do not lead to
fair wages always being paid -- to induce effort, the firm threatens the CEO with
unfair wages if output is sufficiently low. The optimal contract sometimes involves
performance shares: the CEO is paid a constant share of output if it is sufficiently
high, but the wage drops discontinuously to zero if output falls below a threshold.
Even if the incentive constraint is slack, the optimal contract continues to involve
pay-for-performance, to address the CEQO’s fairness concerns and ensure his
participation. Thus, the firm can implement strictly positive levels of effort “for
free”. This rationalizes pay-for-performance even if the CEO does not need effort
incentives.
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in the discrepancy. Fairness concerns do not lead to fair wages always being paid — to induce
effort, the firm threatens the CEO with unfair wages if output is sufficiently low. The optimal
contract sometimes involves performance shares: the CEO is paid a constant share of output
if it is sufficiently high, but the wage drops discontinuously to zero if output falls below a
threshold. Even if the incentive constraint is slack, the optimal contract continues to involve
pay-for-performance, to address the CEQ’s fairness concerns and ensure his participation.
Thus, the firm can implement strictly positive levels of effort “for free.” This rationalizes
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Standard executive compensation models assume that CEOs care about pay only for the con-
sumption it enables. As a result, the marginal consumption utility of the additional pay from
improving performance must weakly exceed the marginal cost of effort required to do. Such mod-
els have contributed substantially to our understanding of executive compensation and inspired a
stream of empirical research.

However, it is not clear that consumption utility is the only, or even the most important, driver
of CEO pay in practice, given that CEOs are typically wealthy and nearly all of their consumption
needs are already met. Edmans, Gosling, and Jenter (2022) survey directors and investors on
how they set pay contracts. Both sets of respondent highlight how pay is driven not only by the
desire to provide consumption incentives, but also the need to ensure the CEO feels fairly treated.
This finding is consistent with experimental evidence that individuals are motivated by fairness
concerns (see Fehr, Goette, and Zehnder (2009) for a survey) as well as prior research suggesting
that pay is a hygiene factor — pay above a certain level provides limited additional motivation, but
pay below that level is a strong demotivator (e.g. Hertzberg, 1959).

The respondents also suggest that firm value is an important determinant of what directors,
investors, and the CEO view to be a fair level of pay. If firm value has increased due to CEO
effort, they believe that it is fair to reward the CEO for this increase. If firm value has increased
(decreased) due to luck outside the CEO’s control, they believe the CEO should share in this
good (bad) luck. That a share of firm value is perceived as a fair payment is consistent with the
ultimatum game, which has been widely replicated (e.g. Roth et al., 1991). If one party has been
gifted an endowment, the other believes it is fair to be offered a sizable share, and will sacrifice his
own consumption to punish an unfair offer.

This paper studies optimal CEO pay when the CEO is motivated by both traditional consump-
tion utility and fairness concerns. We model fairness concerns by specifying a perceived fair wage
that is increasing in the firm’s output, which in turn depends on both CEO effort and luck. The
CEO suffers disutility if his wage falls below the fair wage, the magnitude of which is increasing
in the discrepancy.

It may seem that fairness concerns should lead to the CEO always receiving a fair wage, but
this turns out not to be the case. We start with a linear model that demonstrates the effect of
fairness concerns in the most transparent possible setting. The fair wage is linear in output, i.e.
the CEO believes that it is fair for him to receive a fixed share of output. If the actual wage is at
least the fair wage, his utility equals the wage, as with standard risk neutrality. If the actual wage
is below the fair wage, he suffers disutility which is linear in the discrepancy. The CEQ’s utility
function is thus piecewise linear, with a slope of 1 above the fair wage and a slope exceeding 1
below it. The principal is also risk-neutral, and her goal is to find the cheapest contract to induce
a given effort level out of a continuum. Both parties are protected by limited liability.

We show that the optimal contract involves a threshold below which the CEO is paid zero, and
above which he receives the fair wage, i.e. a constant share of output. This contradicts the intuition

that fairness concerns will lead to the CEO being paid fair wages for all output levels. Instead,



fairness concerns mean that unfairness can be a powerful motivator. If output is sufficiently low
that it is unlikely that the CEO has worked, the firm pays him the most unfair possible wage
of zero. Only if output exceeds a lower threshold is the CEO paid the fair wage. Depending on
parameter values, there may also be an additional upper threshold above which the CEO is paid
the firm’s entire output. Thus, our model demonstrates the range of outputs over which the CEO
is paid fairly; interestingly it is typically only for an intermediate range, and not for high or low
outputs.

Innes (1990) showed that, with standard risk neutrality, the optimal contract is “live-or-die” —
the agent receives zero if output is below a threshold, and the entire output above it. The intuition
is that it is optimal to concentrate payments in the highest likelihood ratio states, i.e. pay the
highest possible amount for sufficiently high outputs. However, such a contract is inefficient under
fairness concerns. Even if the CEO works, output may fall below this threshold due to bad luck. If
the CEOQ is paid zero, he suffers significant disutility due to unfairness, which erodes his incentives
to work. Thus, it is efficient to offer him a fair wage for intermediate output levels. We show that,
if the CEOQ is not paid zero for outputs with a positive likelihood ratio, the threshold is decreasing
in the CEQ’s fairness concerns — when the CEO is more concerned about fairness, the range of
outputs over which he receives a fair wage rises.

The contract resembles performance shares, which are frequently offered in reality (see the
survey of Edmans, Gabaix, and Jenter (2017)). Standard models, such as Holmstréom (1979), do
not predict discontinuous contracts. Innes (1990) predicts a sharp discontinuity where the CEO’s
pay increases from zero to the entire output, once output crosses a threshold, but such sharp
discontinuities do not exist in reality. To obtain more realistic contracts, Innes (1990) assumes
that the principal’s payoff cannot be decreasing in output, otherwise she would “burn” output, or
the agent would secretly inject his own funds into the company to inflate output. Innes’s theory
can either be interpreted as a financing model where an entrepreneur (agent) raises funds from an
outside investor (principal), or a compensation model where a company (principal) offers a contract
to a CEO (agent). While the two justifications for the monotonicity constraint are realistic for
the financing application, they may be less relevant for the compensation application. Dispersed
shareholders cannot coordinate to burn output, and while the board acts on shareholders’ behalf,
burning output violates directors’ fiduciary duty to the company. Similarly, it would likely be illegal
for the CEO to inject his own funds into the company to manipulate the stock price. Indeed, the
prevalence of discontinuities in real-life executive compensation contracts suggests that these two
justifications are not first-order. Our paper obtains realistic contracts without a monotonicity
assumption to rule out discontinuities, and indeed the optimal contract involves a discontinuity.
Performance shares provide fair wages if performance is good and unfair wages if performance is
bad, to motivate good performance. Moreover, the discontinuity is milder and thus more realistic
— when performance crosses a threshold, the wage jumps from zero, but not to the entire output.

We then extend the model to a non-linear one. Now, the utility function takes a more general

form — if the wage is fair, utility is increasing and concave in the wage; if the wage is unfair, utility



is a general function of both the wage and output. It is increasing and convex in the former (as in
prospect theory) and decreasing in the latter. The fair wage remains increasing in output but need
not be linear, and the utility loss from unfair wages need not be linear in the discrepancy. Despite
this additional generality, we show that the basic features of the risk-neutral contract remain robust
— the payment is zero below a lower threshold, the fair wage above this threshold, and the entire
output above a higher threshold. However, there is an additional fourth region, in-between the
regions in which the CEO receives the fair wage and the entire output. In this region, his payment
exceeds the fair wage, and is generally convex in output. Intuitively, if performance is very strong,
the principal wishes to reward the CEO with more than the fair wage. However, since the CEO is
risk-averse, it is inefficient to pay him the entire output.

We show that pay is increasing in output even when the incentive constraint is slack. When
participation is the only constraint, it may seem that the most efficient way to satisfy this constraint
is to pay the CEO a fair wage for all outputs — the prior argument that zero wages are needed
to punish low effort no longer applies when the incentive constraint is non-binding. However,
guaranteeing the CEQO a fair wage for all outputs may lead to the CEO receiving rents. To avoid
this, the firm pays him an unfair wage for some output levels. Since the CEQO’s utility function
is convex below the fair wage, if the firm reduces the payment below the fair wage, it is optimal
to reduce it all the way to zero. Thus, the firm pays the CEO zero for some output levels, rather
than a moderately unfair wage for a greater range of output levels.

That pay is increasing in output even without an incentive constraint means that the firm can
induce CEQ effort “for free”. In a standard moral hazard model, implementing higher effort is
always costly to the firm[T] In our model, since pay is optimally increasing in output to satisfy the
participation constraint, lower effort will be more costly to implement than certain higher effort
levels, so they will never be induced. A frequent criticism of performance-related pay for CEOs is
that it should not be necessary — the CEO should be intrinsically motivated to exert effort, and/or
the board should monitor CEO effort. Our model demonstrates that performance-related pay may
be optimal not to induce effort, but to secure the participation of a CEO with fairness concerns.

This paper is related to the theoretical literature on executive compensation, recently surveyed
by Edmans and Gabaix (2016) and Edmans, Gabaix, and Jenter (2017). While a small number of
models focus on adverse selection or retention, the vast majority of these theories feature moral
hazard, where pay only matters to the CEO by providing consumption utility. Our paper is also
related to CEO pay models that feature reference points. For example, De Meza and Webb (2007)
and Dittmann, Maug, and Spalt (2010) study optimal CEO compensation in the presence of loss
aversion. In our model, the fair wage can be seen as a reference point; the CEQ is also loss-averse
as his utility is steeper below the fair wage than above it. The key innovation in our model is that

the fair wage depends on output, which leads to a very different optimal contract. Some other

'If the CEO is risk-neutral and protected by limited liability, implementing higher effort requires the firm to
offer him a higher payment upon success and thus a higher expected wage; if the CEO is risk-averse, this requires
the firm to offer him a more sensitive contract and thus a risk premium.



CEO pay models feature the CEQ’s utility depending on variables other than pay, although not
on output. For example, DeMarzo and Kaniel (2023) and Liu and Sun (2023) incorporate relative
wealth concerns.

An important literature has studied the effect of fairness concerns in contracts outside the CEO
setting. Fehr and Schmidt (1999) study optimal contracts in the presence of inequity aversion,
where an agent dislikes another agent receiving less than him, and dislikes even more another agent
receiving more than him. Sobel (2005) provides a survey of this literatureJ| In such models, the
agents are all paid in the same units, and so it makes sense for agents to compare their consumption.
However, these models do not apply to a CEO setting, where the firm’s objective function is
shareholder value, which is orders of magnitude in excess of CEO pay, and thus in different units.
An inequity aversion explanation for performance-sensitive CEO pay is that shareholders feel
sorry for a CEO who is not given a share of greater firm value, which seems at odds with real-life
perceptions. In our model, it is the CEO who has fairness preferences, rather than shareholders.
Moreover, the CEQO is only concerned for his own utility, unlike in social preference models where

agents are concerned with other agents’ utility.

1 The Model

We consider a standard principal-agent model with one added feature: the agent (manager,
“he”) has fairness concerns, to be specified below.

At time ¢t = —1, the principal (firm, “she”) offers a contract to the agent. At ¢ = 0, if the agent
has accepted the contract, he privately chooses an effort level e € R,. The agent’s cost of exerting
effort e is C'(e), where C'(+) is continuously differentiable with C’(e) > 0 and C”(e) > 0 for e > 0,
C'(0) = 0, and lim, », C'(e) = 00. As is standard, effort can refer not only to working rather than
shirking, but also to choosing projects to maximize firm value rather than private benefits or not
diverting cash flows. At ¢t = 1, output ¢ € [0,¢]| is realized, where § may be finite or infinite, and
the agent is paid a wage w (¢). Output is distributed according to a density function (“PDF”)
®(qle) that satisfies the monotone likelihood ratio property (“MLRP”). To simplify the exposition,
we assume that ¢ is twice continuously differentiable. Both the principal and agent are protected
by limited liability, so that 0 < w(q) < q Vq.

We incorporate fairness concerns by assuming that the agent does not evaluate his wage in
isolation, but also takes into account the output generated by the firm. Specifically, his utility
u(w,q) depends both on his wage w and on output g. The utility function is increasing and

continuously differentiable in w. The agent’s reservation utility is given by U.

2In Rabin (1993), an agent may put positive or negative weight on the other agent’s utility, depending on his
assessment of her intentions. Empirically, Fehr, Klein, and Schmidt (2007) show how inequity aversion leads to a
principal paying an agent a discretionary bonus upon good performance, even though such a bonus is unenforceable.
Fehr, Kirchsteiger, and Riedl (1993) show that workers reciprocate a fair wage with higher effort in the next period,
even though this higher effort is unenforceable. Charness and Rabin (2002) use experiments to distinguish between
various models of social preferences.



For each target level e”, the principal’s problem is to find the cheapest contract that induces

the agent to choose an effort level of at least el:

min [ w(a)o(ale ) M

w(-),e*

st € € argmax {/OqU(w(Q),Q)qﬁ(QIe)dq - 0(6)} > el (2)
Aﬂmwmﬂwmwwm—c@wzﬁ 3)
0 <w(q) <qVq (4)
w(q) > w(q') Vg > ¢ (5)

where ([2)) is the incentive compatibility constraint (“IC”), (3)) is the individual rationality constraint
(“IR"), are the limited liability constraints, and is the agent’s monotonicity Constraintﬂ
Note that there is a distinction between the equilibrium level of effort chosen by the manager e*,
and the target level of effort required by the principal e?. The former will exceed the latter if the
incentive constraint is slack.

The above formulation captures fairness concerns in the simplest possible way. We use the
standard moral hazard model with continuous effort and continuous output, with the only de-
parture being the specification of the agent’s utility function. As a result, any deviation in the
optimal contract from standard moral hazard models can be attributed to the utility function.
Another formulation, which would follow the ultimatum game more literally, would be to have a
single-period model in which the agent first receives his pay and then chooses his effort, or a multi-
period model where the agent responds to his first-period pay by choosing effort in the second
period. Then, if offered unfair pay, he may withhold effort and reduce total surplus, similar to the
respondent in the ultimatum game refusing the proposed share and leading to both parties receiv-
ing zero. However, such a formulation would be more ad hoc, as we would need to hard-wire the
link between perceived unfairness and next-period effort, rather than fairness entering the utility
function. Our framework captures fairness preferences in a standard one-period model in which
the agent first exerts effort and then receives pay — since he knows the contract when taking his
action, he will withhold effort if he anticipates that it will not be fairly rewarded. This allows our
results to be compared with standard one-period moral hazard models without fairness concerns,
such as Holmstrém (1979) and Innes (1990). In the model of Akerlof and Yellen (1990), the agent’s
effort is reduced if his wage is lower than the fair wage, but the wage only takes one value (it is

not contingent on the agent’s performance).

3Standard models do not require an agent monotonicity constraint since it is a consequence of the MLRP. In
our model with fairness concerns, this is not necessarily the case. We assume that the agent’s payoff has to be
non-decreasing in output otherwise the manager would burn output. Innes (1990) assumed that the principal’s
payoff has to be non-decreasing in output otherwise the principal would burn output; the agent has more control
of output than the principal.



Define the likelihood ratio LR (gle) as follows:

LR(gle) = &1

and let ¢§ be the output for which the likelihood ratio associated with effort e is zero: LR(g§le) = 0.
By MLRP and the fact that ¢ is continuously differentiable, ¢f exists and is unique. To guarantee

that an optimal contract exists, we assume:

i 9 7 9
[ 0G| e gtz o)

The above inequality means that paying the agent the minimum (zero) for outputs with negative
likelihood ratios and the maximum (the entire output) for outputs with positive likelihood ratios
will be sufficient to induce effort e?. If it is not satisfied, then no contract that satisfies bilateral
limited liability can implement e

Lemma below derives a sufficient condition for the validity of the first-order approach (“FOA”),
which allows us to replace a maximization program in the incentive constraints (equation ) by
its first-order conditionsﬁ Let K and K denote the integral of the positive and negative parts

of the second derivative of the joint distribution ¢(g|e) with respect to effort:

i [Cma {20, o} aa (©
K- — /qum {%((ﬂe), o} dq. (1)
Lemma 1 (First-Order Approach): Suppose that
[ (0.0 + Kt do < 0 ®)
for all e € R.. Then, the FOA is valid.

We henceforth assume that condition (§)) holds. We start in Section [2| by considering a piecewise
linear model to demonstrate the effect of fairness concerns in the simplest possible setting. Section

analyzes a non-linear model.

4This is related to the condition for the FOA in a model with limited liability in Chaigneau, Edmans, and
Gottlieb (2022). The difference is that the utility function also depends on output in Lemma



2 Linear Model

The agent’s utility function is as follows:

u(w,q) = w — ymax {w*(q) — w,0}. 9)

The first term is the standard risk-neutral utility function. The second term captures the agent’s
concern for fairness, where w* (q) is the agent’s perceived fair wage for output ¢, and v > 0
parametrizes the intensity of his fairness concerns. If the agent’s actual wage falls below his

perceived fair wage, he suffers a disutility. The fair wage is given by

w*(q) = pq, (10)

where p € [0, 1] is the agent’s perceived fair share of output q.

One determinant of p is the importance of agent effort to the firm’s output. The survey of
Edmans, Gosling, and Jenter (2022) finds that “how much the CEO can affect firm performance”
is the main determinant of pay variability and the free-text fields and interviews suggest that
fairness is a primary reason: “if the CEO has a greater effect on performance, it is fair to reward
her more for good performance.” Another potential determinant is pay-performance sensitivity in
peer firms — the third most popular response in the survey is “the split between fixed and variable
pay in peer firms.”

With v = 0 (no fairness concerns) or p = 0 (any wage is perceived as fair), the utility function
in equation @D collapses to the standard risk-neutral utility function u(w,q) = w. Accordingly,
unless otherwise specified, we assume v > 0 and p > 0. The utility function is piecewise linear
with a kink at the fair wage. Figure [l] illustrates the utility function for various values of v and p.
This piecewise linear utility function is the simplest and most transparent specification for fairness

concerns, and allows us to conduct comparative statics with respect to the parameters v and p.
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Figure 1: Top row: the function u(w) defined in equation @D as a function of w for g =1, v =1
and p = 0.5 on the left; v = 2 and p = 0.5 in the middle; v = 1 and p = 0.25 on the right. Bottom
row: the fair wage w*(q) defined in equation as a function of ¢ for y =1 and p = 0.5 on the
left; v =2 and p = 0.5 in the middle; v = 1 and p = 0.25 on the right.

As can be seen in Figure [1], the utility function exhibits loss aversion. The agent cares not only
about the wage w per se, but also gains and losses relative to the fair wage, with his sensitivity
to losses exceeding his sensitivity to gains. De Meza and Webb (2007) and Dittmann, Maug, and
Spalt (2010) also study optimal contracts in the presence of loss aversion. The main difference
between fairness concerns and standard loss aversion is that, with the former, the fair wage depends
on output. A loss aversion model features a reference point that is independent of output. In de
Meza and Webb (2007), it is the median of the wage distribution; in Dittmann, Maug, and Spalt
(2010) it is last year’s salary (they consider an alternative reference point that also includes the
market value of the shares and options the agent inherited from the previous year.)

To simplify the analysis, in this section we assume:

% 9 79
- 7/)/0 qa—f(QIeT)dq + p/eT qa—f(QIeT)dq > C'(e") (11)
~ [ aotaloyda < T+ (0 (12)

q —
p/ qd(qle”)dq > U + C(e*), where e* satisfies equation (2)) with w(q) = w*(q) Vq. (13)
0

The assumptions in equations — are not crucial for our results, but reduce the number
of cases we need to consider. Inequality ensures that an incentive-compatible contract that

elicits effort e exists even if the firm never pays more than the fair wage.lﬂ Inequality implies

5This expression considers the contract that provides the highest effort incentives when the principal does not
pay more than the fair wage: one that pays zero for outputs that are bad news about effort, and the fair wage for
outputs that are good news conditional on effort e’



that, even if the marginal cost of effort were zero, an agent who is paid zero for any output would
be below his reservation utility and thus reject the contract. Inequality implies that a contract

that always pays the fair wage satisfies the participation constraint.ﬂ

Define ¢™™ implicitly as the highest value that satisfies the following equation:
am® O 7 p
o0 [ a5l [ oz olaleVda = '), (1)
0 e qgllin 86

If a contract that implements e’ exists such that the agent is never paid above the fair wage for

min jg the threshold such that the payment is zero below ¢, and the fair wage above

any output, g m

¢™™. Note that, with MLRP, the definition of ¢ and equation imply that ¢™™ > ¢¢".
Proposition [1| studies the case when the target effort level e’ is zero, i.e. the only goal of the

contract is to ensure the agent’s participation. In this case, the principal is not trying to induce

positive effort from the agent, but the agent still chooses effort optimally (see equation (2])) given

the contract.

Proposition 1 (Zero target effort level): Fiz e = 0. If U and v are large enough, the principal

prefers to implement €* > 0 and offers the following contract:

w(q) ={ wiq) fora < (1)

pq.  forq=>q.

where q. is set so that the IR in equation (@ binds, with the utility function (@ and the contract
specified in equation .

This Proposition considers the case where the target effort level is zero and so the contract is not
designed to provide incentives. Perhaps surprisingly, the equilibrium effort is strictly positive even
though the principal does not attempt to induce a minimum effort level. Intuitively, a payment
increasing in output allows the agent to receive the fair wage for a great range of outputs. This
reduces his disutility from receiving unfair wages, and thus allows his IR to be satisfied at lower
cost to the principal. Thus, even when the contract is not designed for incentive purposes, the
agent’s payment can be increasing in output, inducing a positive effort level. One optimal contract
pays the agent the fair wage for low outputs (¢ < ¢.) to address his fairness concerns, up to a
maximum of pg.. Since this contract is weakly increasing in output, and strictly increasing for a
range of outputs, it induces e* > 0. The maximum wage of pg. reduces effort incentives, which
helps satisfy the IR since the agent has to be compensated for his effort.

Proposition [2| gives the optimal contract when the IC binds. It distinguishes between the cases

SNote that we do not need to assume that a contract that always pays the fair wage also satisfies the incentive
constraint.

10



in which the IR is binding or nonbinding. A sufficient condition for the IR to be nonbinding is:

q q o e
U+ C(e) < —w/ qé(gleo)dg  where eg = arg max —w/ Q%dq — C(e), (16)
0 € 0

where eg is the agent’s optimal effort when he is always paid zero.

Proposition 2 (Binding incentive constraint): Fixz €T sufficiently high. The principal prefers to

implement e* = e* and offers the following contract:

0 for q < qpn
w(g) =< w*(q) forq € [gm,qu) - (17)
q Jor q > qu

Moreover: ;
LR(qle - . .
(a) If v < % —1 and U is sufficiently low, then LR (qm|e”) (14+7) = LR (qule™), so
that ¢, < qur-
(b) If U is sufficiently high, then LR(qy|e?) (1+7) < LR(qule?) (with = if IR binds), so
that ¢, < qur-

LR(gleT
(c) If v > W—l and

min

am q _
v / 46(qle")dq + p / qlgleT)dg > T, (18)
0 apn

then ¢m = q™™ and qy = q;

The optimal contract when the incentive constraint is binding is as follows. Without fairness
concerns (v = 0), the model is similar to the pure moral hazard setting of Innes (1990). The
principal generates effort incentives by rewarding high outputs; due to MLRP, it is efficient to
concentrate rewards on very high outputs only. Parts (a) and (b)m show that, regardless of whether
the participation constraint is binding, v = 0 leads to ¢,, = qu;: the optimal contract is “live-
or-die”, involving a single threshold — the agent is paid the minimum possible (zero) below the
threshold and the maximum possible (the entire output ¢) above it. With fairness concerns (y > 0),
such a contract is suboptimal for two reasons. First, it does not satisfy the participation constraint
efficiently, which is a concern if the participation constraint is binding (i.e. part (b) applies). The
agent is receiving an unfair wage (zero) for output levels below the threshold, which has a very high
disutility cost because of the agent’s fairness concerns. Second, it does not satisfy the incentive
constraint efficiently. The agent is receiving an unfair wage for some output levels below the
threshold, even though these output levels are associated with positive likelihood ratios. Thus,
even though these output levels indicate that the agent has worked, he suffers significant disutility

for achieving them, reducing his incentives to work. Since the utility function is steeper below

"Part (c) is inapplicable with v = 0 due to MLRP and ¢ < .

11



w* (q) rather than above it, it is efficient to increase the rewards for moderately low outputs (that
are nevertheless associated with positive likelihood ratios) from 0 to w* (¢), and simultaneously to
reduce the rewards for moderately high outputs from ¢ to w* (¢).

Part (a) establishes that, when 7 is positive but sufficiently low, the optimal contract has three
regions. For outputs below ¢,,, the agent is paid zero; for outputs above q,/, he is paid the entire
output. These regions are similar to Innes (1990). Due to fairness concerns, there is a third region
— for intermediate outputs, the agent is paid the fair wage w* (¢). When output hits ¢ = ¢,,, the
wage jumps to w*(q); as output continues to rise, he continues to be paid the fair wage which also
rises, since w*(q) = pgq. Pay-performance sensitivity (“PPS”) p is determined by what the CEO
believes to be a fair reward for performance; as explained earlier, p could in turn depend on how
much his effort affects output, or PPS in peer firms. In standard models with risk neutrality (e.g.
Innes (1990)), PPS is 1, i.e. the agent is the residual claimant of output, which is counterfactual
in a compensation application. In standard models with risk aversion (e.g. Holmstrém (1979)),
PPS is determined by a trade-off between incentives and risk aversion. However, it is unclear
how important risk aversion is for CEOs: the survey of Edmans, Gosling, and Jenter (2022) finds
that CEO risk aversion is the least important out of seven determinants of PPS, and the weak
relationship between risk aversion and PPS documented by Becker (2006). Once output reaches
q = qu, the wage jumps to the entire output. Thus, fairness concerns cause the principal to depart
from the live-or-die contract and offer a fair wage for certain output levels.

Intuitively, the two thresholds ¢,, and ¢;; are determined by a trade-off. On the one hand, the
principal wishes to concentrate incentives on outputs with the highest likelihood ratios, as in the
Innes (1990) model without fairness concerns. On the other hand, the principal wishes to avoid
paying zero for outputs with a positive likelihood ratio. A zero payment imposes disutility on the
agent due to being unfair, and thus reduce his incentives to take effort e’. Thus, the principal
pays the fair wage, rather than zero, for outputs between ¢, and ¢,;. The distance between them
is determined by (1 4+ v)LR (gm|e*) = LR (qu|e*): with v = 0, we have a single threshold; as
rises, the wider the region in which the agent is paid the fair wage.

Part (c) shows that, when ~ is sufficiently high, ¢y increases all the way to g. The highest
region disappears, so the agent is never paid the entire output. The optimal contract thus only
has two regions — zero for low outputs and the fair wage for high outputs. Decreasing ¢,, means

that the principal pays the fair wage rather than zero for outputs above ¢ which have a positive
LR(gle”)

LR(gp™[e*)

payments below the fair wage is sufficiently high for this effect to outweigh the standard desire to

likelihood ratio. When fairness concerns are so strong that v > — 1, the penalty v for
concentrate incentives on very high outputs (Innes (1990)). Thus, the optimal contract involves
increasing q); to the highest possible level of g. Since this means that the agent is never paid
above the fair wage for any output, incentive compatibility is achieved by setting ¢,, = ¢™™ as in
equation ([14)).

While the above explains the optimal contract by starting from a model of moral hazard and

adding in fairness concerns, another way to view the intuition is to start with a pure fairness
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model and then add in moral hazard. One may think that fairness concerns would lead to the
agent always being paid the fair wage w*(¢q). Since the agent suffers disutility from being paid an
unfair wage, the principal provides the agent his reservation utility at minimum cost by always
paying a fair wage. However, such a contract does not provide effort incentives efficiently. In
particular, since the agent suffers disutility from an unfair wage, it is efficient to “threaten” him
with the most unfair possible wage of zero for low output. Thus, fairness concerns do not lead
to fair wages for all outputs; in contrast, they can justify unfair wages for some outputs because
avoiding unfairness is a motivator. In addition, if output is sufficiently high, the agent is paid
the entire output even though this is more than required to meet his fairness constraint. This is
because, for incentive provision, it is efficient to concentrate rewards in the highest likelihood ratio
states; with a monotone likelihood ratio, this involved paying the agent the maximum possible for
high outputs.

In part (c), the contract represents performance shares, where the agent is given shares worth
pq that are forfeited if the output is below a threshold ¢,,. In standard models where the likelihood
ratio is a continuous function of output (as in our setting), such as Holmstrém (1979), the optimal
contract is also a continuous function of output and so does not involve discontinuities. In our
model, discontinuities are optimal because, for moderate outputs, it is efficient to pay the agent his
fair wage, but if output is sufficiently low, the agent is punished with the most unfair possible wage
of zero, and this threat incentivizes effort. In Innes (1990) without a monotonicity constraint for
the principal’s payoff, the optimal contract is discontinuous but takes a “bang-bang” form where
the agent receives either the lowest possible wage or the highest possible wage; we are unaware of
cases in which such a contract is offered in reality. Our contract involves discontinuities, but the
discontinuity is non-extreme and leads to interior solutions — at ¢,,, the wage jumps from 0 to a
share of output (rather than the entire output), as is the case with performance shares.ﬁ

Innes (1990) obtains a realistic contract by assuming a monotonicity constraint — that the
principal’s payoff cannot be decreasing in output. Under such a constraint, the agent receives
levered equity and the principal receives debt, and the contract has no discontinuities. Such a
contract is realistic for a financing setting, in which the agent is an entrepreneur who is raising
financing from the principal, an investor. However, it is less realistic for a contracting setting, in
which the agent is a manager who is hired to work for the principal, the firm’s shareholders. Hired
managers are never given the firm’s entire equity. In addition, CEO contracts commonly involve
discontinuities (see the survey of Edmans, Gabaix, and Jenter (2017)) — executives are frequently
offered bonuses if performance crosses above a certain level, or given equity which they forfeit if
performance falls below a certain level.

The two justifications in Innes (1990) for a monotonicity constraint for the principal also may

be less applicable to a contracting setting. One justification is that, if the principal’s payoff were

8Chaigneau, Edmans, and Gottlieb (2022) derive conditions under which performance-vesting options are the
optimal contract. However, such a contract is continuous as it involves options; the “performance” is a signal
separate from output that affects either the number of vesting options or the option strike price.
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decreasing, she would “burn” output. This might be possible in a financing setting where there
is a single investor, but is difficult in a large public firm where there are dispersed shareholders.
While the board acts on behalf of shareholders, “burning” output would violate fiduciary duty.
A second is that, if the agent’s payoff increased more than one-for-one with output, he would
secretly borrow to increase output. This may be possible in a financing setting in which output
is cash flow, but in a contracting setting, the most relevant measure of output is the stock price.
An executive secretly taking a loan to boost the stock price would likely be viewed as stock price
manipulation. For all of these reasons, the monotonicity constraint for the principal is unlikely to
relevant in a contracting setting, which may explain why discontinuities are common in executive
contracts. Our model generates an optimal contract that involves discontinuities, but also obtains
a realistic contract without requiring a monotonicity constraint for the principal’s payoff.

Corollary [1] shows how the contract depends on the intensity of fairness concerns.

Corollary 1 When the incentive constraint binds, ¢, < qST and qy < q, the threshold q,, above

which the manager is paid a fair wage w*(q) is decreasing in 7.

When incentive provision affects the design of the contract and ¢,, < qST, the threshold g¢,,
above which the manager is paid the fair wage is decreasing in fairness concerns ~. Intuitively, the
stronger fairness concerns are, the stronger the disutility the agent suffers from receiving zero rather
than the fair wage. Thus, stronger fairness concerns unambiguously reinforce effort incentives when
the agent is only paid zero for outputs which are bad news for effort (g, < qST), but they also
reduce the agent’s expected utility from the contract. The principal will therefore change the
thresholds ¢,, and ¢y to reduce effort incentives (without violating the incentive constraint) and
to increase the agent’s expected utility. This is achieved by decreasing ¢,,, so that the agent
receives the fair wage for a larger set of outputs.

The intuition for the condition ¢, < qu is as follows. An increase in v raises the disutility of
zero payments. If ¢, < qST, then zero payments are received only if ¢ < qu (i.e. for bad news
outputs) and so the agent’s effort incentives unambiguously rise. To ensure the IC continues to
bind, the principal reduces effort incentives. She does so by lowering ¢,,, because this increases
the range of outputs (g, qST) over which the agent receives the fair wage even though they are
bad news about effortﬂ Thus, an increase in vy unambiguously reduces ¢,,. If ¢, > qST, the effect
of v on effort incentives is ambiguous. Increases ~ raises the disutility of receiving zero payments,
which arise not only for all bad news outputs (¢ < qST) but also for some good news outputs
q € (qu, gm)- Thus, it is unclear whether effort incentives rise or fall, and thus the effect on g, is
ambiguous.

Example [1]illustrates the agent’s preferences and the optimal contract for a given parametriza-

tion.

9While reducing ¢, is costly to the principal by reducing the range of outputs over which zero wages are paid,
doing so also allows the principal to increase qp; which lowers the cost of the contract.
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Example 1 The agent’s preferences are given by v =1, p = %, and C(e) = {5 X el Output is

lognormally distributed with parameters e* =1 and o = 1. The optimal contract is depicted on the
left of Figure @for c=2and U = 3, in the middle of Figure @ forc=4 and U = 2, and on the
right of Figure for c=4.75 and U = 2.5.

6 o 6 /

3] 3| 3]
) ) ) /

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Figure 2: The contract w(q) as a function of ¢ for parameter values described in Example .

3 Nonlinear Model

In this section, the utility function is defined as:

u(w, q) = min{v(w), v(w,q)} (19)

where v(w) is the utility over money alone, which is increasing and concave (v' > 0, v"” < 0), with
v(0) = O.m The term v(w, q) is the agent’s utility when his payment is below the fair wage, which
in turn depends on output. We have v(0,q) <0, v;(w,q) < 0 (higher output raises the fair wage
and thus lowers utility), v,,(w,q) > 0, vy, (w,q) > 0, v, = 0, and v, = 0. For any given g, the
two functions v(w) and v(w,q) intersect on (0,00) at most once[l| Let this point, if it exists, be
denoted by w*(q), i.e. v(w*(q)) = v(w*(q),q). At this point, v'(w) < v'(w, q), so that there is a
kink in u(w, q) as a function of w at w = w*(q). Thus, w* (q) captures the agent’s perceived fair
wage, but we no longer require it to be linear in output (w* (¢) = pq) as in the linear model of
Section [2| This utility function exhibits not only loss aversion, but also concavity above the
fair wage w*(¢) and convexity below it, as in prospect theory.H
We also assume that for any ¢,

. / . /
il{(r%)v (w,q) > i}n\%v (w) (20)

so that the utility function is always steeper below the fair wage than above the fair wage.

10This specification for the function v(w) includes CRRA utility with relative risk aversion less than 1, and a
“normalized” version of log utility v(w) = In(w + 1).

HTndeed, for w = 0 and any ¢, we have v(0) > v(0,q). In addition, for any ¢, v(w) is weakly concave in w whereas
v(w,q) is weakly convex in w.

2However, the model does not exhibit probability weighting as in prospect theory.
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Figure 3: Top row: the function u(w) defined in equation as a function of w for v(w) = In(w+1)
and v(w,q) = (w+ 1)"* — 1 — 1¢g with ¢ = 0.5 on the left, ¢ = 1 in the middle, and ¢ = 2 on
the right. Bottom row: the blue line is the fair wage w*(q) defined by v(w*(q)) = v(w*(q),q) as a
function of ¢ for v(w) = In(w+1) and v(w, ¢) = (w+1)"* —1— 1¢ on the left, v(w) = Vw +1-1
and v(w,q) = w — %q on the right. The orange line is principal LL.

We assume that an agent who is paid his fair wage for any output is at or above his reservation

utility:
q —
/ v(w*(q))p(qleF)dg—C(ef) > U, where e satisfies equation (2)) with w(q) = w*(q) Yq, (21)
0

i.e. e is the effort level induced when the agent is paid his fair wage for any output. To guarantee

the existence of an incentive-compatible contract, we also assume that:

|7 vw@ S+ [ o5 e > o) (22)

Equation implies that an agent who receives the fair wage for outputs with a negative likelihood
ratio and the maximum reward (the whole output) for a positive likelihood ratio will exert effort
of at least e”. The following assumption ensures that a manager who is always paid zero is below
his reservation utility:

U+C(e*) > 0. (23)

Proposition |3| considers the general case in which both the IC and IR may be binding or

nonbinding.
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Proposition 3 For the program -@, the optimal contract is such that:

0 for q €10, qm)
wig =" q) for q € [gm. qu]

VTN 1/ (M + X LR(qle")))  for q € [qur, an]

q for q € [qn, 7]

If T =0, then qu = qn = G; if also reservation utility U is sufficiently large, then e* > 0.

The optimal contract is given by four regions. As in the linear model, there are three regions in
which the agent is paid zero, the fair wage, and the entire output. However, there is an additional
region, given by q € (qar, qn). For these output levels, output is sufficiently high that the principal
wishes to reward the agent by more than his fair wage (v' ' (1/ (A1r + MicLR(qle*))) > w* (¢)). It
is inefficient to give him the entire output, since the agent exhibits diminishing marginal utility and
so does not value this additional reward highly. Thus, unlike in linear model, the optimal contract
is continuous at g — the principal pays the agent more than his fair wage, but not the entire
output. As output rises above ¢, the likelihood ratio increases further and so the actual wage
exceeds the fair wage by more. The contract will generally be convex between ¢, and qNE For
q > qn, the likelihood ratio is so high that the principal rewards the agent with the entire output.
In Lemma [5|in the Online Appendix, we show that, when the IC is not binding and equation (21))
holds as an equality, the agent is always paid his fair wage, i.e. ¢, =0 and qyy = gy = 7.

To better understand the effects of incentive provision on the optimal contract, Proposition
includes the case in which e” = 0, i.e., the IC is slack. Thus, the principal chooses the cheapest
contract that gives the agent an expected utility of U, and Proposition |3 shows that this involves
paying the agent his fair wage w*(q) for outputs above ¢,. Even without moral hazard, the
optimal contract does not involve a fixed wage. In turn, a wage that is both increasing in output
and also fair provides incentives to exert positive effort, and so the principal obtains effort “for
free”, as in Proposition E Any lower level of effort is suboptimal and will not be induced by the
principal. This result is in stark contrast to the case without fairness concerns. In the standard
model of Holmstrém (1979) with a risk-neutral principal and a risk-averse agent, eliciting higher

effort is always more costly to the principal. Without an incentive constraint, the optimal contract

BHowever, the contract will be concave if the likelihood ratio is concave, so that very high output is only
slightly more indicative of effort, and if risk aversion is sufficiently important compared to prudence (see Chaigneau,
Sahuguet and Sinclair-Desgagné, 2017). The latter condition means that protecting the agent against downside risk
is relatively unimportant, but providing strong incentives where the agent’s marginal utility is high (i.e. for low
outputs) is especially important. It will typically not be satisfied for CEOs who have low relative risk aversion due
to their wealth.

4Note that it is insufficient for the wage to be merely increasing in output for it to provide effort incentives —
it may fail to do so if it is also unfair. Indeed, since v(w,q) is decreasing in ¢, a payment schedule which is only
slightly increasing in output and is below the fair wage may fail to elicit effort. Intuitively, even though higher
output increases the wage, for an increasing wage schedule, it also increases the fair wage. Thus, if the fair wage
increases by more than the actual wage, the agent’s utility does not increase, and so he is not rewarded for increasing
output.
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involve a fixed wage for optimal risk-sharing; inducing effort requires an output-contingent wage
which leads to inefficient risk-sharing and is thus costly. As a result, any effort level in R, can
in principle be optimal, depending on model parameters. This is not true with fairness concerns,
because the principal will always induce a positive level of effort. Intuitively, providing low effort
incentives either requires paying unfair wages for high outputs (which reduces expected utility
and fails to satisfy the participation constraint) or paying in excess of fair wages for low outputs
(which is unnecessarily costly). Critics of high incentives argue that they are not needed to induce
effort, since boards should monitor effort or CEOs should be intrinsically motivated. However,
performance-sensitive contracts may be offered not to provide incentives, but to ensure the CEO
is fairly paid. A by-product of fair pay is that it incentivizes effort, even if such incentives are
unnecessary. Without fairness concerns, it is costly to incentivize high effort levels; with fairness
concerns, it is costly to incentivize low effort levels as doing so requires offering unfair pay.

While paying the fair wage for a range of outputs helps satisfy the participation constraint,
doing so for all outputs would give the agent rents. The question then becomes: at which outputs
does the firm pay below the fair wage, and how much below does it pay? With v > 0, the agent’s
utility is non-concave below the fair wage. Thus, if the firm pays below the fair wage, it is efficient
to pay him zero. Since the fair wage is increasing in output, the disutility from zero wages is also
increasing in output, and so it is optimal to pay zero wages for low output levels.

Proposition [3|shows how whether the participation constraint binds affects the optimal contract.
When the participation constraint does not bind, we have ¢,, > 0, so that the contract has
a discontinuity between zero payments and positive payments. It is optimal to pay the agent
the most unfair feasible wage for low outputs, to incentivize him to exert effort and avoid low
outputs. However, doing so risks the agent suffering significant disutility and may fail to ensure
the agent’s participation. Thus, when the participation constraint binds, the contract may not have
a discontinuity (see Proposition . Overall, the participation constraint binding is a necessary
but insufficient condition for pay to be a continuous function of output. As a result, the increasing
use of performance shares, which do contain discontinuities, is consistent with the participation
constraint no longer binding for many CEOs — that they are willing to accept unfair pay for low

output levels suggests that they are above their outside option.

Example 2 A special case of Proposition [ is as follows. Consider “normalized” log utility,
v(w) = In(w + 1)[7] and an output that follows a truncated normal distribution on (0,00) with
parameters e* and o, LR(qle*) o« q + cste, and v'~" (1/ (A + \oLR(q|e*))) is linear in q. The
contract is illustrated in Figure [4)

In panel (a) of Figure |}, the incentive constraint is nonbinding (i.e. e* > €T ), but the par-
ticipation constraint is binding. Intuitively, paying the agent zero for low outputs would increase
incentives, but significantly reduce the agent’s utility due to the perceived unfairness, and may

lead to his participation constraint being violated. Since the participation constraint is binding,

1>This yields v'(w) = L — 1, so that o' "' (1/ALR(qle*)) = LR(q|e*) — 1.
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the principal pays the agent the fair wage for some low outputs. In panel (b), a lower reservation
utility U leads to the participation constraint being nonbinding, and the incentive constraint being
binding instead (i.e. e* = el ). As a result, contract design is now driven by its effect on incentives
rather than on the agent’s utility, and the fair wage is no longer paid for outputs with a negative
likelihood ratio. E| In panel (c), the cost of effort is higher than in panel (b), requiring the princi-
pal to increase incentives. She does so by paying the fair wage rather than zero for a larger subset
of outputs with a positive likelihood ratio, and payments higher than the fair wage for very high

outputs.

Figure 4: The contract w(q) as a function of q. The agent’s preferences are as in Example [2| with

v(w,q) = (w+1)'?—1-1q,C(e) = 5 (e%)lo, and e =5. (a): U =0and ¢ =0.02. (b): U = -2

and ¢ = 0.02. (c): U = —2 and ¢ = 0.05.

4 Conclusion

This paper has studied optimal contracting under fairness preferences, where the agent’s per-
ceived fair wage depends on output. We started with a model in which the agent’s utility function
is piecewise linear — it has a slope of 1 above the perceived fair wage, and in excess of 1 below
it. The wedge between the slopes is increasing in the agent’s fairness concerns, and the perceived
fair wage is itself linear in output. We showed that fairness concerns do not lead to the agent
being paid fair wages for all output levels; in contrast, unfair wages can be effective to induce
effort. The optimal contract involves two thresholds for output. The agent receives zero below the
lower threshold, the entire output above the upper threshold, and the fair wage in between. When
fairness concerns are sufficiently strong, the upper region in which the agent receives the entire
output disappears, and the contract becomes performance shares. The agent is given shares that
pay him his perceived fair share of output, unless output falls below a threshold. The model thus
rationalizes the common usage of performance shares in reality; most other contracting theories
predict continuous contracts, or extreme discontinuities where the agent’s pay switches from zero

to the entire output.

16When the incentive constraint is binding so that e* = e, the likelihood ratio is positive for LR(gle?) > qST ~ 5.
The approximation is due to the use of the truncated normal distribution with e =5 and o = 1.
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We then extend the model to a general setting in which the agent is risk-averse, and the
perceived fair wage is only increasing in output — it need not be linear. The contract retains the
same three regions as in the piecewise linear model, but there is an additional fourth region, in-
between the regions in which the CEO receives the fair wage and the entire output. In this region,
his payment exceeds the fair wage, and is generally convex in output.

In both models, we show that, even if the incentive constraint is slack, pay is increasing in
output — by paying the agent the fair wage over a greater range of outputs, this reduces perceived
unfairness and allows the participation constraint to be satisfied at least cost by reducing perceived
unfairness. As a result, the firm can induce CEO effort “for free”, in contrast to standard risk-
neutral models in which inducing higher effort involves paying the agent limited liability rent, and
standard risk-averse models in which it requires paying the agent a risk premium. This result may
rationalize why performance-related pay is given to agents even if they are intrinsically motivated,
or even if there are alternative solutions to the moral hazard problem such as monitoring.

This paper is a first step in modeling CEO pay under fairness preferences, using the standard
model to make transparent how fairness concerns affect the optimal contract. For future research,
it may be fruitful to explore the other potential determinants of the fair wage suggested by the
survey of Edmans, Gabaix, and Jenter (2022), such as peer firm pay in a model of multiple firms,

or last year’s pay in a dynamic model.
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A  Proofs

Proof of Lemma [1k

For a given contract w(q), the effort choice problem of the agent can be written as

q
max [ (wla).q) dlale)da - Cle).
¢ Jo

The second derivative of the agent’s objective function with respect to e is negative for any e if
and only if:

/Oqu(w(q),q) 82?2' Jdg < C"(e) Ve € (0,0). (24)

With principal limited liability (see equation (4))), since the utility function increasing in w, the
maximum value of u for a given ¢ is u (g, ¢). In addition, with agent limited liability (see equation
(4))), the minimum payment is w(q) = 0; with a utility function increasing in w, this implies that

the minimum value of u for a given ¢ is u (0, ¢). Therefore, for any given ¢:

u(w(q),q) € [u(0,q),u(q,q).

Using notations K~ and K, defined in equations (6]) and (7)), the expression on the left-hand side
(“LHS”) of equation can then be rewritten as:

/qu(w(QM) min {%’O}dq " /oqu ot a)max {%’O}dq' .

As established above, we have u (w(q),q) > u(0, q) for any ¢, and u (w(q), q) < u(q, q) for any g.

i ¢(q|e) < 0 we have u (w(q), q) - ﬁi’%’e) < u(0, Q)a g(é"e), and for any

Therefore, for any ¢ such that
g such that % > 0 we have u (w(q), q) Po(gle) < u(q, q)a gig‘ ), Integrating over ¢, this implies

Oe?
that expression is less than:

q
/ (5. w(0,q9) + K ulg, q)) da,
0
which completes the proof.

Proof of Proposition [1}

We describe the optimal contract when e? = 0, i.e. the IC does not bind for any contract. In
the optimization problem with a nonbinding IC, the IR for e* > 0 must be binding. Suppose that
it is not. Then, the contract that solves the optimization problem in equations , , and is
simply w(q) = 0 for any ¢, which gives utility «(0,q) = —ymax{pq,0} = —vypq for any ¢ € [0, 7],
so that:

/0 " (0, 9)6(gle")dq — C(e) = —p / " g6(dle’)dq — C(e") < T,

23



where the inequality follows from equation given that ¢’ > 0 and e* > 0. This implies that
the IR is not satisfied, a contradiction.

The relaxed optimization problem with a nonbinding IC, a binding IR, and the FOA, is:

min [ wlaotale ) (26)
st. [ utwl) polaler)dg - O) =T @7)
| twia. 0 * 8 g = e (28)
0<w(q) <gq (29)
w(q) > w(q') Yg > ¢ (30)

At first, we hold effort constant. We then consider the effects of the contract on the effort choice,

which matters because it affects the equilibrium effort e*; and therefore the LHS of equation (27)).

Lemma 2 Let the utility function be as in equation (@ and suppose that effort is constant. On

any non-empty subinterval of [0,q|, the optimal contract is such that w(q) < w*(q).

Proof. This proof is by contradiction. Suppose that the contract is not such that by w(q) < w*(q)
for all q.

A contract such that w(q) > w*(q) for all ¢ € [0,q] with a strict inequality for some g would
not solve the optimization program in equations —. Indeed, due to equation the agent
would be strictly above his reservation utility so that the payment w(q) could be reduced on some
subinterval of [0, |, which would decrease the cost of the contract in equation (26| without violating
the IR in equation or the limited liability constraints in equation , a contradiction.

We now consider a contract which is neither such that w(q) < w*(q) for all ¢ nor such that
w(q) > w*(q) for all ¢ with a strict inequality for some q. We show that this contract, which is
such that w(q¢') > w*(¢') for some ¢’ € [0,7] and w(q) < w*(q) for some ¢ € [0,7] is suboptimal.
Denote by @ the subinterval of [0,q] such that w(q) > w*(q). Denote by @~ the subinterval of
[0,g] such that w(q) < w*(q). Consider the following perturbation: for ¢ € Q~, increase w(q) by
e/o(qle*), and for ¢ € QT decrease w(q’) by €/p(q'|e*), where € is positive and arbitrarily small.
By construction, this perturbation is cost-neutral for a given effort, i.e. it does not change the
principal’s objective function. Now consider the effect on the LHS of the IR in equation . Since
w(q) € [0,w*(q)) and w(q') € (w*(¢'), ], the change in the LHS of the IR is: (1 + ) — € = €,
which is strictly positive since v > 0. Since the LHS of the IR increases and the IR is binding,
standard arguments show that it is then possible to construct a contract that leaves the LHS of the
IR unchanged relative to the initial contract and reduces the cost of the contract to the principal,
which establishes that the initial contract was suboptimal. This rules out any contract such that

w(q) > w*(q) for some q. m
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When the IC is nonbinding, for a given effort, the optimization program in equations , ,
and has an infinity of solutions: any contract such that w(q) € [0,w*(¢)] Vg and equation
holds would solve this optimization problem. However, even when the IC is nonbinding, effort
is not exogenously given. Moreover, the cost of effort enters the LHS of the IR in equation (27))
(by assumption, C’ > 0). Suppose for now that there exists a contract with w(q) € [0, w*(q)] Yq
and the monotonicity constraint that induces e* = 0 (e = 0 is the minimum effort). Because of
the monotonicity assumption in equation and MLRP, the effort minimizing contract such that
equation is satisfied, w(q) € [0, w*(q)] Vg, and the induced effort is e* = 0 takes the form:

w<q) :{ w*(q) if ¢ <qe ’ (31>

pg. it qg>qc

where ¢. adjust so that the IR in equation is satisfied, and e* = e is the induced effort. If
e® = 0, then this contract is optimal since it is indeed the effort minimizing contract even without
the restriction w(q) € [0, w*(q)] Vq.

We now study the case in which e® > 0. For a contract as in equation and an equilibrium

effort e* given by equation (2) with e” = 0, define:

e 0 d 00
Alge,e) = | pag (de)da+ [ (pae —v(pa = pac)) 5 (ale)dq (32)
0 e g Oe
Given the FOA, for a given ¢, the equilibrium effort is zero if and only if A(g.,0) < 0. Since the IR
is binding and the FOA applies for any interior solution to the effort choice problem, the optimal
value of ¢. and the effort e* induced by a given contract with threshold ¢. are implicitly defined
by:

/0 " pad(ale)dq + / (04 —(pa — par)) dlale)q — C(e”) =T (33)
ool i Alg,0) <0 ”
C" (Age, e)) if A(ge,0) >0

For q. = q, A(g.,e) has the same sign as fo q\ )dq, which is strictly positive for any e
because of fq 9 (qle)dq = 0 for any e and MLRP. Therefore for q. = g, we have A(0,e) > 0 for
any e, 1nclud1ng e =0, 1ie e* >0 (see equation (34)). For g. = 0, A(g.,e) has the same sign as

qug¢(q|e)dq, which is strictly negative for any e, i.e. e* = 0 (see equation ) Moreover,
the derivative of the right-hand side (“RHS”) of equation (32 with respect to ¢. holding effort

constant at e = e* is:

0 0 a 0
pqca¢(qcle )+pqca¢(qcle )+ /q p(1+4+7) a—f(qle*)d%
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which is strictly positive if %(qc|e*) > 0, which by MLRP and definition of g5 is equivalent to
qe > q5 -

We now determine for which parameter values this is the case. Consider the effect of a change
in g. on the LHS of the IR in equation (33 when e* > 0 and is therefore given by the first-order
condition (“FOC”) to the agent’s effort choice problem given the FOA. The derivative of the LHS
of equation with respect to ¢. holding effort constant is:

q

preolade’) + padlacde’) + [ p(1+9)oaler)dn

qe
which is strictly positive for any e. Moreover, the LHS of the IR in equation is the agent’s
objective function, and the agent chooses effort e to maximize this objective function. From the
envelope theorem, we know that the total effect of a marginal change in a parameter (here ¢.) on
the objective function is equal to its effect holding effort constant. In sum, the LHS of equation
(33) is continuously decreasing in ¢., and given optimal effort choices it is below the RHS for ¢, = 0
according to equation , and it is above the RHS for ¢q. = g§ according to equation . This
implies that there exists ¢. that satisfies equation , and this level of ¢, is strictly increasing
in U according to equation . In sum, when U is sufficiently high, we have ¢. > ¢¢, so that
e* = e > 0 with a contract as in equation according to the preceding paragraph.

Suppose that there does not exist a contract as in equation that satifies IR in equation (27))
and such that e* = 0 (this can happen for example if equation holds as an equality given that
the equilibrium effort when w(q) = w*(q) ¥q is positive by MLRP). In addition, suppose that there
exists a contract that satifies IR in equation and such that e* = 0 (for example a contract
such that w(q) = ¢ for ¢ < ¢, and w(q) = ¢; for ¢ > q;, where ¢, € [0,q]). The latter contract
that induces e* = 0 and such that w(q) > w*(q) for a non-empty subinterval is more costly to the

principal when - is sufficiently high. Thus, even with e = 0, we can have e* > 0.

Proof of Proposition [2}
We describe the optimal contract when the IC binds. When the condition from Lemma [1] holds
so that the FOA applies, a binding IC can be rewritten as:

[ w05 s = e (35)

with e* = el since the IC binds. We now describe the optimal contract when the IC in equation

binds.
The first step of the proof establishes that a contract as described in equation is optimal.

To this end, we rely on the agent’s monotonicity constraint in equation and on Lemma below.

Lemma 3 Let the utility function be as in equation (@ and suppose that the IC is binding. The
optimal contract is such that w(q) ¢ (w*(q),q) for any q.
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Proof. This proof is by contradiction. Suppose that for some ¢ we have w(q) € (w*(q),q).
Consider any given initial incentive-compatible contract and the following perturbation for any
g > ¢ in this subinterval, increase w(q) by €/¢(q|e*), and decrease w(q’) by €/¢(q'|e*), where €
is positive and arbitrarily small. By construction, for a given effort this perturbation does not
change the principal’s or the agent’s objective function (note that the agent’s objective function is
linear in w for any w and ¢ such that w > w*(q)). Now consider the effect on the LHS of the IC in
equation (35). With w(q) € (w*(q),q) and w(¢') € (w*(¢'), '), the change in the LHS of the IC is:

e (LR(qle”) — LR(q'[e")) ,

which is strictly positive by MLRP. Since the LHS of the IC increases and the IC is binding,
standard arguments show that it is then possible to construct a contract that leaves the LHS of
the IC and IR unchanged compared to the initial contract and reduces the cost of the contract
to the principal, which establishes that the initial contract was suboptimal. This rules out any

contract such that w(q) € (w*(q),q) for any q. =

The second step of the proof establishes the values of ¢, and gy, for a given effort e* to be
induced.

The relaxed optimization problem with ¢, € [0,q] and g € [gm, G is:

min [ w(a)otaie )i (30
t. / Cu(wla),4) - olale" g = ') (37)
/0 "u(w(e), 9)blale’)dq — C(e) > T (38)
0 for ¢ < qp
w(q) = w*(q) for q € [gm, qu] (39)
q for ¢ > qu

With the utility function defined in equation @D, this can be rewritten as, for ¢, € [0,q] and

qu € [qm, G
min [ pao(ale)da+ [ alaler)da (40)
dm 8 qmM a q a
S't'/o (—vpq) &¢(C]|6*)dCI+/qm pqa—f(QIG*)dQvL/qM q£¢(qle*)dQ=C’(6*) (41)
/O " (“pa) dlale)dg + / " padlale’)dq + / 1o(qle)dq — C(e) > T (42)

Denote by n;¢ and n;r the Lagrange multipliers associated with the constraints in equations
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and , respectively. The FOC for an interior solution are:

0 0
—pGm®(gm|€*) — nic (—wqma—f(qmle*) - pqm%cﬁ(qmle*))

—01r (—7PGm®(gmle”) — pamd(gmle”)) = 0 (43)
pavd(anle’) — aud(qule”) — nic (qu%(que ) — qM%(qme ))
—n1r (Pard(anrle”) — quo(qule”)) =0 (44)
which for g, # 0 and ¢5; # 0 is equivalent to:
%(Qm|€*)
e _
—1+”’C—¢(qm|e*) (I+7)+mr(l+7v)=0 (45)
@(QM’€*>
_ Oe \ IV 1T/ = 4
HEe gty o

The optimal value of ¢, is generically not described by a corner solution. We have ¢,, = 0 in
a nongeneric case: when equation is satisfied as an equality at e* = e?. Now suppose that

equation ([13)) is not satisfied as an equality at e* = 7

,1.e. it is satisfied as a strict inequality. This
implies that the IR is nonbinding when ¢,, = 0 (indeed, it is nonbinding for ¢,, = 0 and ¢, = 7,
and the LHS of the IR in equation is decreasing in qps). Moreover, a contract with ¢, = 0
does not provide incentives at the minimum cost, since increasing ¢, would increase the LHS of
the IC in equation (41]) while reducing the cost of the contract in equation (40). Finally, since the
IR is nonbinding at ¢, = 0 and its LHS is continuously differentiable in ¢,,, the increase in ¢, can
be small enough that the new contract still satisfies IR. In sum, if equation is not satisfied as
an equality at e* = T, then we cannot have ¢,, = 0 at the optimal contract.

Likewise, we cannot have ¢,, = ¢, which would imply q,; = ¢, at the optimal contract. Indeed,
this would violate the IC in equation since the LHS would then be negative and the RHS
positive; this would also violate the IR in equation (42)) according to equation ({12]).

Thus, the optimal value of ¢, is generically given by the first-order condition in equation ,
which can be rearranged as:

1 1
LR(g,le*) = — | —— — ,
(Q‘ ) o (1—1—7 ?71R>

where n;c > 0 and ng > 0.
There are two cases.

Nonbinding IR. In the optimization problem with a nonbinding IR, the IC for ¥ > 0 must

be binding. Suppose that it is not. Then, the contract that solves the optimization problem in
equations (1)), (4), and is simply w(q) = 0 for any ¢, so that u(0,q) = —ymax{pq,0} = —vpq
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for any ¢ € [0,¢], and:

q

7 0 0
[ w0032 aerda = =0 [ a5 lerda <0 < (o)

for any e > 0, i.e. the IC is not satisfied, a contradiction.
If the optimal values of g,, and ¢,; are interior solutions, equations and with n;g =0
(nonbinding IR) and n;¢ > 0 (binding IC) immediately give:

0 %
3—f(qM!€ )

%(mee*)
d(qmler)

o(am]) (47)

(1+7) =
With a nonbinding IR, we establish that ¢,, > ¢¢ , where e* = 7. Consider any given initial
compensation contract such that ¢, < ¢5 and the following perturbation: increase g, by an
arbitrarily small amount. This perturbation increases the LHS of the IC and reduces the cost of
the contract to the principal. Standard arguments show that it is then possible to construct a
contract that leaves the LHS of the IC unchanged compared to the initial contract and reduces the
cost of the contract to the principal, which establishes that the initial contract was suboptimal.

Denote the subset of values of {qn, qa} that satisfy the IC by Q¢ and denote the values of

{Gm, qar } in this subset by {¢!¢

the implicit function theorem since the LHS of the IC in equation is continuously differentiable
in ¢,, and ¢y, and the product of continuous functions is continuous.

Totally differentiating the LHS of the IC with respect to ¢!¢ and taking into account the effect
on ¢i% so that the LHS of the IC remains unchanged gives:

,q1¢}. Let ¢1¢ be a function of ¢!¢. This is a continuous function by

d [ 0 9,
e [ w05 e ds = (w0.01) — u(w @), al)) G a1

x( IC\ ICY _ ICIC@Ic*dqgg
+ ( (wlw™(@rr), ar) = ularg, aar) 2 (@ le) e

m

(48)

¢ 0 dqt¢
_ x( IC IC| * e x( IC IC| * M
= —(+wiam) 5 (@ le”) = (ar —w(ar) 5 ¢au le )dq{,? =
o a0+ wi(ar) 50 |e)

dgl¢ 0 —w(arf) 2(qifer)

where both the numerator and the denominator of the second fraction on the RHS are positive
since g5 < gm < qur-

Now consider the subset Q° of values of {¢, qu }, denoted by {¢¢,, ¢5,}, that leaves the expected
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cost of the contract in equation unchanged for the principal. By construction:

d (7 dg;
— | w(@)elale)dg = —w(q5)o(ale™) — (a5 — w(a5))Slaisle”) TL = 0
dqm 0 dqm
o dqyy _ w*(%cn) (ﬁ(Q;:nle*) (49)

dgs, g — w(q5,) o(d5,le)’

Because of MLRP, for ¢§ < ¢, < qur, we have:

%(Qm’e*) %(CIM|€*) 8 (Qm‘e) ¢( | )
Oe Oe
Sad®) = o) T Bgule) = Slawle)

with strict inequalities for gy > .

For any given element in Q'¢, there are two possible cases:

e 9% * .
1) For values of ¢!¢ and ¢i¢ such that (1 + ) ‘96((373‘L )) < ";f((qu )) and ¢,, > ¢, a marginal
A

increase in ¢, and associated decrease in ¢,; (since 3 e < 0) that satisfies incentive compat-
ibility as in equation (48|) results in a lower cost to the principal because of equations (49))
and ((50)).

9¢

2) For values of ¢/¢ and ¢¢ such that (1 + ~) 86((%’8‘Le)) > ‘Zj((qM )) and ¢, > ¢S , a marginal

. . . dgt¢ . . .
increase in ¢, and associated decrease in ¢,; (since dg% < 0) that satisfies incentive compat-
m

ibility as in equation (48]) results in a higher cost to the principal because of equations

and .

Consider the smallest value for ¢!¢ and corresponding highest value for ¢1¢ in the subset Q7
and denote them by ¢™" and ¢5*. We can show by construction that ¢if* = §: according
to equations an incentive-compatible contract such that ¢, > ¢5 and qy = 7 exists; by
definition of QIC and qy, this means that ¢j* = g. Since IR is nonbinding and the cost of a
contract is decreasing in qm, all else equal, qmm is implicitly defined by incentive compatibility with
g =17qin equatlon . From equations (11)) and (14 ., we have qgm > ¢5 . There are two cases.

First, if (1 +~) ae(((f:::‘l*)) > ?ﬁ((‘]‘*)) then due to MLRP and dq% < 0, for any element of Q¢
we have (1+7) &) > a&%le))
of Q€. Therefore, the optimal values of ¢,, and ¢y are respectively ¢™" and g. That is:

, so that case 2) described above is relevant for any element

(51)

w(g) = { 0 for ¢ € [0, ¢™™™)

w*(q) for q € [gp™, 7

where ¢™" is defined in equation {.)

66( mm‘e ) Be (q‘e
Second, if (1 + 7) ey < e

values of ¢! and high enough values of ¢i¢, case 1) described above is relevant. Moreover, since

5 then for elements in the subset Q¢ for low enough
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~ > 0 and the likelihood ratio LR(q|e) is continuous in ¢ by assumption, for elements in the subset

C
Q¢ for high enough values of ¢!¢ and low enough values of ¢f¢ (since ZZ;JZC < 0), case 2) described
above is relevant. In sum, the optimal values of ¢,, and ¢; belong to the subset Q'¢ and satisfy

the following equation:

3 (amler) _ 52 lauler)

1+ = . 52
L1 S gnle) — olanle) 52)

Binding IR. When both the IC and IR are binding, g,, and ¢;; must satisfy:

m a(b * i a(b * a 8¢ * _ ! E3

0 [ ageaenda s [ agaeyis [ agana=ce) @

dm qnM q _
—p / adlale”)dq + p / gdlgle’)dq + / 4d(gle’)dq - C(e) =T (54)

0 qm qam

We also know that the optimal value of g, is generically an interior solution, so we have three

cases.

1. First, if the optimal values of ¢, and gy, are interior solutions, equations and with
nir > 0 and n;c > 0 immediately give:

29 (0 1ot 9 (gle?
ae(qm| )<1+7)+7]IR _ ae<qM| )

o] e = olale?) (55)

Because of MLRP, the LHS of equation (55| is strictly increasing in ¢,,, and the RHS is
strictly increasing in gqp;. Thus, for any pair {gm.,qy} that satisfy this equation, gy is

strictly increasing in ¢,,.

2. If qpr = gy, then g, must satisfy:

dm @ q a
o [ g+ [ a5l =€) (50)
—p [ aotale o+ [ avtaleryda - C(er) =T (57)

The LHS of the IR in equation (57) is strictly decreasing in g,,. Thus, there exists at most
one value of ¢, such that equation holds, and this value is strictly decreasing in U. The
derivative of the LHS of IC in equation with respect to ¢, is qm%(qm]e*) (—vp —1),
which by MLRP and definition of ¢ is positive if and only if ¢,, < ¢5 . Thus, there exists
at most two values of ¢,, such that equation holds, and these values are independent of

U. In sum, generically we cannot have IC and IR binding with ¢y = ¢um.
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3. If gy = q, then ¢,, must satisfy:

am 9 q o
—w/o qa—f(qle*)qurp/ qa—f(Q\e*)dq =C'(e") (58)
qm
—p / " golaler)dq + p / 4lqle”)dg — C(e) =T (59)

The LHS of the IR in equation (59) is strictly decreasing in ¢,,. Thus, there exists at most
one value of ¢, such that equation holds, and this value is strictly decreasing in U. The
derivative of the LHS of IC in equation 1} with respect to ¢, is qmg—‘i’(qm|e*) (—vp —p),
which by MLRP and definition of ¢§ is positive if and only if ¢, < ¢5 . Thus, there exists
at most two values of ¢,, such that equation holds, and these values are independent of
U. In sum, generically we cannot have IC and IR binding with ¢a; = .

Proof of Corollary [1}

When the IC is binding with a contract as in Proposition [2] the IC can be written as in equation
. In this equation, only the first term on the LHS depends on ~. Furthermore, with ¢, < qST
and a binding IC which implies e* = e’, we have %(q|e*) < 0 for any ¢ < @, so that the first
term on the LHS of equation is strictly positive. Moreover, with ¢, < qST the IR must be
binding as established in the proof of Proposition [2|

With a contract as in Proposition [2, the first derivatives of the LHS of the IC and IR in

equations and with respect to v are respectively:

m aQb m
_p/ a5, (ale)dg >0 and - w/ q¢(qle”)dg < 0.
0 € 0

Thus, following a marginal change in v, ¢, and gy must change in a way that decreases the LHS
of the IC and increases the LHS of the IR.
With a contract as in Proposition , the first derivatives of the LHS of the IC in equation ({53])

with respect to ¢,, and q,; are respectively:

I . ¢ ;
—(1+ 7>me§(Qm|€ )>0 and  (p— 1)QM%((]M|6 ) <0.

With a contract as in Proposition , the first derivatives of the LHS of the IR in equation (54))

with respect to ¢, and ¢, are respectively:

—(1+79)pgmo(gmle”) <0 and  (p—1)gud(qumle”) <O.

In sum, following a marginal increase in v an increase in both ¢, and q,; would strictly decrease
the LHS of the IR, while an increase in ¢,, and a decrease in ¢;; would strictly increase the LHS
of the IC. Therefore, the only changes in ¢, and gy, that leave the LHS of both the IC and IR

unchanged overall following an increase in ~ involve a decrease in g,,.
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Proof of Proposition [3}

At first, we describe the optimal contract when the IC does not bind, which in particular is
the case for e? = 0. We then verify when the IC does not bind. In the optimization problem with
a nonbinding IC, the IR for e* > 0 must be binding. Suppose that it is not. Then, the contract
that solves the optimization problem in equations , , and is simply w(q) = 0 for any g,
so that, using equation at any effort e* with v(0,¢) < 0 by assumption:

/0 "0(0, q)é(gle?)dq = / U0, dglet)dg <0 = / " u(0,q)6(gle*)dq — C(e) < T

i.e. IR is not satisfied, a contradiction.

The relaxed optimization problem with a nonbinding IC, a binding IR, and the FOA, is:

min [ wlayolaler)dy (60)
st. [ utwl) apolaler)dn - O(e) =T (61)
| twtar. 0 * 8 g = e (62)
0 <w(q) <q (63)
w(q) > w(q') Vg > ¢ (64)

Consider the subset of contracts that induce a given effort e*, i.e. such that equation ((62])
holds (given the FOA). In this subset of contracts, we will show that any contract that satisfies IR
as an equality as in equation and the constraints on contracting in equations and
is associated with a higher expected cost (as specified in equation (60])) than a contract of the

following form:

w(g) = (65)

0 if ¢ < qm
w*(q) ifq=qm

This in turn implies that the optimal contract is as in equation .

The proof is as follows. Given the constraints on contracting in equations and , a
contract as in equation , denoted by w®(q), and an alternative contract, denoted by w?(q),
can differ in the following subintervals, where some of these subintervals can be empty. First, for
outputs such that w°(q) = 0 but w?(q) > 0; denote the union of these subintervals of outputs by
Qp. Second, for outputs such that w?(q) = w*(g) but w?(q) < w*(q); denote the union of these
subintervals of outputs by @_. Third, for outputs such that w®(q) = w*(q) but w(q) > w*(q);

denote the union of these subintervals of outputs by Q..
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Since contracts w®(q) and w?(q) both satisfy equation , as already specified, we have:

/Q (v(w'(q), q) — v(0,9)) ¢(q\€*)dQ+/ (v(w?(q)) — v(w"(q))) #lgle”)dg

Q+

_ /Q (v(w*(q), q) — v(w(9).9)) Slale*)dg (66)

Because of equation , we can split the subset Q_ into two subsets, Q! and Q?, such that:

{ Jor ((w*(q), q) — v(w(q),q)) dlale*)dg = [, (v(w?(q),q) — v(0,q)) (gle*)dg -

Joz (W(w*(@),q) — v(w(a),q)) dlgle”)dq = [, (v(w?(q)) — v(w(q))) ¢(ale*)dg

We now use Taylor expansions, properties of the functions v and v (including v (w,q) > 0,
v"(w) <0, and vy, (w, q) = 0 so that v, (w, q1) = v;,(w, g2) for 1 # ¢2), and ¢ < g, for any g € Qy,

to write:
v(w(q),q) = v(0,q) < v, (w(gm), gm)w?(q) for ¢ € Qy
v(w*(q),q) — v(w(q), q) > V(W (gm), gm) (w*(q) — w?(q)) for g e Q_ (68)
v(w(q)) — v(w*(q)) < v'(0) (w(q) — w*(q)) for g€ Q.

Use the inequalities in equation to get:

| @0 - v0.0) olaleids < v an).an) [ w@otaie g (69)
Qo Qo
/Ql (v(w*(q),q) — v(w'(q),q)) d(gle*)dg > /Q Vi (W (Gm), @m) (w*(q) — w?(q)) ¢(qle”)dq(70)

[ Gtwta) =t @) stalerds < 0 [ (00) v @) olale)d (71)
O+ Q4
[ v @.0) - vta)0) staie)s > vowa.an) | (07(0) —u'0) ofale)da (72
Combining the equalities in equation and the inequalities in equations —, we have:
vuwan)an) [ (w0) = 0 @) olale)dn < vi(w g an) | 0t @olale)da (73)
ol Qo
V{u(w“‘(qm),qm)/ (w*(q) — w(q)) d(qle*)dqg < v’(O)/ (w(q) — w*(q)) ¢(qle*)dg (74)
Q2 Q

+

Moreover, because of assumption and properties of the function v and v, we have v/ (w, q) >
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v'(w) for any {w, ¢}. Combining with equations and (74), this gives:

/ (w*(q) — (@) Blale’)dg < / (w?(q) - 0) Blgle")dg (75)
ot

Qo

/QQ (w*(q) —w?(q) dlgle")dg < / (w(q) — w*(q)) d(qle*)dq (76)

Q4

By definition of the subintervals and of the contracts w® and w*, combining inequalities in equa-

tions and implies:

/ "0 (g)olgle")dg < / " A @)lale)da. )

This completes this part of the proof.

The next part of the proof considers when effort e* is strictly positive even when the IC does
not bind (e* < e) and for when the IC does not bind. With a contract as in equation (65), the
FOC to the effort choice problem can be rewritten as:

o 99 ! 99 /
(0,0) 52 ale)da + | 0w (@) 5 (ale")dg = (") (78)
0 qm

With g, = 0, we have u(w*(q), q) = v(w*(q)) by definition of the fair wage and the utility function,
and w*'(¢) > 0 and v' > 0. Combining this with MLRP shows that the LHS of equation ([78) is
strictly positive. Finally, by assumption, C’(0) = 0 and C’(e) > 0 for any positive e, so that the
equilibrium effort e* is strictly positive when ¢, = 0.

The derivative of the LHS of equation ([78|) with respect to ¢,, holding effort constant at e = e*
is:

0,60 22l e”) — 0" (0) 2l (79)

By definition we have v(w*(¢,)) = v(w*(¢m), ¢m), so that v(0, ¢,) —v(w*(gn)) < 0 since v(w, q) is
strictly increasing in w. Therefore, the expression in equation ((79)) is strictly positive if and only
if %(qua*), which by MLRP and definition of g5 is equivalent to ¢, < ¢5 . In sum, there is G,
such that e* > 0 if g,,, € [0, G,)-

We now determine for which parameter values this is the case. Consider the effect of a change
in ¢, on the LHS of the IR in equation when e* > 0 and is therefore given by the first-order

condition (FOC) to the agent’s effort choice problem given the FOA. The derivative of the LHS of
equation (61) with respect to g, holding effort constant is:

(0, Gm)P(gmle”) — v(w*(gm))P(gmle”). (80)

The expression in equation is strictly negative for any e (see the preceding paragraph). More-
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over, the LHS of the IR in equation is the agent’s objective function, and the agent chooses
effort e to maximize this objective function. From the envelope theorem, we know that the total
effect of a marginal change in a parameter (here g,,) on the objective function is equal to its effect
holding effort constant. In sum, the LHS of equation is continuously decreasing in ¢,,, and
given optimal effort choices it is below the RHS for ¢,, = § according to equation , and it
is above the RHS for ¢,, = 0 according to equation (21)). This implies that there exists ¢, that
satisfies equation , and this level of ¢, is strictly decreasing in U according to equation .
In sum, when U is sufficiently high, we have ¢,, < Gm, so that e* > 0 according to the preceding
paragraph.

With the contract in equation , where ¢, is set to solve the IR in equation as an
equality, when the induced e* is greater than e”, the IC does not bind. On the contrary, when the
induced e* is strictly less than e’ the IC binds, and the principal’s problem is solved in the next

part of the proof below.

In this second part of the proof, we describe the optimal contract when the IC binds. By
Lemma , when the IC in equation is binding, it can be replaced by the FOC:

[ w03 e o = e 1)

For now, ignore the monotonicity constraint in equation . We will verify below that the optimal

contract thus derived satisfies monotonicity. This part of the proof has two steps.
Lemma 4 On any non-empty subinterval of [0,q|, we have w(q) ¢ (0,w*(q)).

Proof. Let u(q) := u(w(q), q), and let u_'(-) be such that uz' (u(q)) = w(q) & uy'(u(w(q),q)) =
w(q). The Lagrangian for the optimization problem in equations — is:

L = /Oquwl (u(q)) ¢(gle”)dg — A </qU(Q)¢(q\6*)dq —C(e") - U)

0

— (/Oq u(q) 8cb((()q!e*).dq - C’/(e*)) —ura(@)ug (u(g)) — Are(q) (¢ — ug' (u(q)))

Note that the constraints are linear in u(g). The first-order necessary condition (FONC) with
respect to u(q) at any given output ¢ is:
- ] o, 90(gle” - -
g (u() olale”) ~ Mo(ale’) —n AN (@ () + Marla)ug (u(g) = 0

9¢(gle”)
5 Al v Auele) e g

qle*) — olgle*) o(gler) ™

where Appa(q) = 0 for w(g) >0 < wu, > u(0,q), and ApLp(g) = 0 for w(q) < ¢ < u, < u(q,q).

-1/

& u, (u(g) = /\+M¢(
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The proof is by contradiction. For a given ¢, suppose that w(q) € (0,w*(q)) < 1w, €
(u(0,q), u(w*(q),q)), which implies Appa(q) = 0 and A pp(g) = 0 by definition of these Lagrange
multipliers, and also implies u(w(q),q) = v(w(q),q) by definition of the utility function. The

function v(w,q) is increasing and convex in w. This implies that wug’

is increasing and con-
cave. Thus, the FONC does not describe an optimum to the minimization problem, and further-

more the optimal w(q) is not in the interval (0,w*(q)) < the optimal w, is not in the interval
(w(0,9), u(w*(q), q)). =

Combining the agent’s monotonicity constraint (w(q) is nondecreasing in ¢) in equation (/)
and Lemma [4] for some ¢,, € [0,7] we have: w(g) = 0 for ¢ € [0,¢y,), and w(q) € [w*(q),q] for
q > qm because of principal limited liability. This implies that u(w, ¢) = v(w) for ¢ > ¢,,. That is,
for a given ¢,,, the relaxed optimization problem that gives the optimal contract to induce effort

e* = el can be rewritten as:

iy [ wlajotale )i 3
st [T 0.5+ [ ot L otale g = ) (5)
[ w0t [ oot 85
w(q) € [w*(q),q] Vg (86)

We henceforth consider the subset of values of ¢, such that the optimization problem in equations
— has a solution (the optimization problem has a solution for some ¢,, because of equations
and (22)). Using the notation in Jewitt, Kadan, and Swinkels (2008), we have m(q) = w*(g)
and m(q) = ¢. We can apply Proposition 1 in their paper to derive the optimal contract on [g,, ]
given that the payment w(q) is 0 on [0, g,,) (note that the first terms on the LHS of equations
and are independent of w(q) and can therefore be treated as constants in the optimization
problem in equations —). In sum, the optimal contract is defined implicitly by:

oD for ¢ < g
1 _ m for ¢ > ¢, and A\jg + A\;cLR(gle*) < m
ul (w(q), q) Ar + AicLR(qle*) for ¢ > ¢, and m < Air + AicLR(gle*) < m
U,}q) for ¢ > ¢,, and ﬁ < Arr + AicLR(q|e*)

with A\;g > 0 and A;¢ > 0, which are the Lagrange multipliers associated respectively with the
constraints and , and which therefore depend on g, (in general, these are not the Lagrange
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multipliers associated with the IR and IC of the original optimization problem). Equivalently:

0 for ¢ < gn,
w(g) = w*(q) for ¢ > ¢,, and )\IR + ArcLR(qle*) < ,(w o)
V=Y (1 (A + MeLR(gle?))) for ¢ > g, and U,( 5 < Arr+ AicLR(gle") < 5l
q for ¢ > ¢,, and v, @ < )\]R + Are LR(qle*)
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Online Appendix
A Theory of Fair CEO Pay

Lemma 5 When IC is nonbinding and equation holds as an equality, the optimal contract is
w(q) = w*(q) vq.

Proof. Assume that IC is nonbinding, equation holds as an equality, and let e be the

induced effort when the agent is paid the fair wage for any output:

[ ot an G aleda = e (57)

We now show by contradiction that the contract w*(q) is the least costly way of satisfying the IR
constraint in equation . If another contract w(q) induces the same effort and satisfies the IR
at a smaller cost than w*(q), then we must have w(q) < w*(q) for some ¢ € Q_ (otherwise this
contract would not be associated with a lower cost), and w(q) > w*(q) for some ¢ € Q. given
equation satisfied as an equality (otherwise this contract would not provide expected utility

U). Now consider the agent’s expected utility under contract w(q):

/Oqu(ﬁ)(Q),QW(QIeF)dq: /[M\(QUQ )U<W*(Q)aQ)¢<Q|€F)dq

+ [t aotae o+ [ utie).qpolale)dg = T, (58)
_ oy
where the inequality is because the contract w(q) must satisfy the IR.

For ¢ € Q_, by the intermediate value theorem we know that for any given ¢ there exists
w(q) € (w(q),w*(q)) such that:

u(w(q), q) = u(w(q),q) +u'(w(q), q) (w(q) —w*(q))
= u(w*(q),q) + v'(w(q), q) (w(q) — w*(q)) (89)
Integrating:
/ u(i(q), q)¢(qle”)dg =/ (u(w*(q), q) + ' (@(q), q) (0(q) — w*(q))) ¢(gle”)dq

Let v5_ be implicitly defined by:

/ U(l@(Q),QW(quF)dq:/ U(w*(Q),QW(QIeF)qurV’g_/ (w(q) —w*(q)) d(ale”)dg, (90)
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where vy > 1*)(q), q) since v > 0.

Likewise, for ¢ € Q. , by the intermediate value theorem we know that for any given ¢ there
exists w(q) € (w*(q),w(q)) such that:

“(q)) (91)

Integrating:

/Q U(w(Q)aQ)¢(Q|€F)dq=/ (u(w*(q), q) + v'(w(q), q) (#(q) — w*(q))) pgle”)dq

Qy

Let vg, be implicitly defined by:

/ u(w(q), )¢(qle”)dg = / u(w*(q), )¢(qle”)dq + vg, / (w(q) —w*(q) p(gle")dg, (92)
(0% Q4 Oy
where vy, < v™(g),q) since v" <0.

In sum, substituting in the RHS of equation :

/ U(w*(Q)aQ)¢(C]|€F)dQ+/ U(w(Q)aQ)¢(CJ|€F)dQ+/ u(i(q), q)o(qle”)dq
0a\(Q-U)

_ ol
- / w(w (q), @)b(gle")dg
[076}\(97UQ+)

n / w(w*(q), q)é(ale")dq + vy / (iq) — w(q)) Blale")dg

(O o_

+ /Q+ u(w*(q), q)d(qle”)dg + UIQ+/ (w(q) —w*(q)) dlale”)dg

(O

-/ @ oldenda+ o [ (l0) — w @) olaleTda+ v, [ (ile) — (@) Slaleda

o_ Q4

(93)

where UIQ+ < I//Q+ due to the assumptions on the first derivatives with respect to w of the function v
and v. Since the contract 1(q) must provide expected utility of at least U to satisfy IR, equations
satisfied as an equality and imply:

ve. [ (la) = w@) olale"Nda+ o, [ (000) ~ w@)olaleNa =0 (90
_ ~~ oy -~

<0 >0
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The inequalities under braces in equation combined with ’U’Q+ < I//Q+ give:

/ (@D(Q)—W*(Q))¢(Q|€F)dQZ/ (w*(q) — w(q)) d(ale”)dg
Q Q

(& J/ (& J/
—+ Vv —

Vv
>0 >0

S

=

(@)6(qleF)dg > / W (@)o(gle)dg  (95)

Q_UQy Q_UQy

By definition of the subsets Q_ and Q. , this implies that the expected cost of the contract w(q)
is higher than the expected cost of the contract w*(q). This concludes the proof of Lemma . [ ]

41



about ECGI

The European Corporate Governance Institute has been established to improve corpo-
rate governance through fostering independent scientific research and related activities.

The ECGI will produce and disseminate high quality research while remaining close to
the concerns and interests of corporate, financial and public policy makers. It will draw on
the expertise of scholars from numerous countries and bring together a critical mass of
expertise and interest to bear on this important subject.

The views expressed in this working paper are those of the authors, not those of the ECGI
or its members.

www.ecgi.global



ECGI Working Paper Series in Finance

Editorial Board

Editor

Consulting Editors

Editorial Assistant

Mike Burkart, Professor of Finance, London School
of Economics and Political Science
Renée Adams, Professor of Finance, University of Oxford

Franklin Allen, Nippon Life Professor of Finance, Professor of
Economics, The Wharton School of the University of
Pennsylvania

Julian Franks, Professor of Finance, London Business School

Mireia Giné, Associate Professor, IESE Business School
Marco Pagano, Professor of Economics, Facolta di Economia

Universita di Napoli Federico Il
Asif Malik, Working Paper Series Manager

www.ecgi.global/content/working-papers



Electronic Access to the Working Paper Series

The full set of ECGI working papers can be accessed through the Institute’s Web-site
(www.ecgi.global/content/working-papers) or SSRN:

Finance Paper Series  http://www.ssrn.com/link/ECGI-Fin.html
Law Paper Series http://www.ssrn.com/link/ECGI-Law.html

www.ecgi.global/content/working-papers



	cover
	SSRN-id4294589
	The Model
	Linear Model
	Nonlinear Model
	Conclusion
	Proofs

	cover

